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FOREXJORD 

This document is Volume I of a three volume report  describing the 
Reacting and Multi-Phase (RAMP21 computer code developed by the Computa- 

t iona l  Mechanics Section of Lockheed's Huntsville Research & Ehgineering 

Center, Huntsville, Alabama. 

e f fo r t  and the theory and numerical solut ion f o r  the computer code. 
I1 provides a detai led description of a l l  the elements used i n  the RAMP2 
code, anu Volume 111 is the program user 's  and applications manual. 

Volume I deszribes the overa l l  contractural  

Volume 

Documenration of the computer code w a s  prepared i n  partial fulf i l lment  

of 'contract  NAS9-16256 with the NASA-Lyndon B. Johnson Space Center, 

Houston, Texas. 
study was Mr. Barney B. Roberts, ET41. 

The contracting of f icer ' s  technical representative f o r  this 

The author ackuowledges the e f f - r t s  of Dr. Terry F. Greenwood of NASA- 

Marshall Space Plight Center and Mr. S.J. Robertson of Lockheed-Huntsville, 
both of whom contributed t o  the deveiopment of the RAMP2 code. 

Companion documents t o  t h i s  r e p r t  include a users and applications 

manual fo r  W 2  computer code; a cosputer program maintenance manual fo r  
RAMPZ; a report  which describes 'he modifications made t o  the NASA-Lewis 

TRAN72 computer code; the or ig ina l  documentation of the NASA-Lewis TRAN 72 

computer code; and the origina3 documentation of the Bour3ary Layer In tegra l  

k t r i x  (BLIWJ) computer code. Eiese documents are, respectively: 

"High Alti tude Chemically Reactitg Gas-Particle Mixtures - Volume 11 
- Program Manual fo r  W 2 , "  TMSC-HREC TR D867400-11. 
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0 "High Altitude Utemlcally Reacting Gas-Particle Mixtures - Volume 
I11 - Computer Code User's and Applications rlanual," L M S C - W  TR 
D66 7400-1 I I. 

0 "User's Guide f o r  TRAN72 Computer Code Modified f o r  Use with RAMP 
and VOFMOC Flowfield Codes," LMSC-HREC TM D390499. 

0 Svehla, R.A., and B.J. McBrlde, "FORTRAN I V  Computer Program for 
Calculation of lhermodynamics and Transport Properties of Complex 
Chemical Systems," W A  TN D-7056, January 1976. 

0 Evans, R.M., "Boundary I aye r  In t eg ra l  Matrix Procedure BLIMP-J 
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SYMBOLS AND NOTATION 

Symbol 

A j  

C 

cD 
C 

P 
C 
V 

Df 

D/Dt 

du 

e A 

E 

F 

f 

G 

H 
h 
I 
SP 
K 

k 

De scription 
2 paramete r  defined by Eq. (3.46) ,l/sec; area, ft 

speed of sound, f t /sec 

parameter defined by Eq. (3.86~) 

paramete r  defined by Eq. (3.83) ,ft /see / R 2 2 0  

drag coefficient, dimensionless  

2 2 0  specific heat at constant p r e s s u r e ,  ft /sec / R 
specific heat a t  constant volume, f t  /sec / R 2 2 0  

drag force,  lbf 

substantia 1 d e r  i vat i ve 

an element of volume, ft  

unit vec tor ,  dimensionless  

3 

energy in the gas -pa r t i c l e  system control volume, 
ft 2/s ec 2 

interpolation fac tor ,  dimensionless;  or total fo rce  
acting on the system defined by Eq. (3.30) , lbf 

drag  coefficient parameter (C / C  
dimens ionle s s * DStokes 

Nusselt  number  pa rame te r  defined by Eq. (3.77) 
dimensionless  

) ,  

total  enthalpy, f t  2 /sec 2 

local  enthalpy, ft 2 /sec  2 

specific impulse,  lbf - sec/lbm 

par t ic le  heat t r ans fe r  film coefficient defined by 
Eq. (3 .76 ) ,  lbm/sec/OR/ft 

chermal  conductivity of g a s ,  Ibrn/sec/OR 

v i i  
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Svmbol 

M 

m 

m j 

NG 

N P  

NS 

Nu 
2 

n 

P 

P. 
1 

Pr 

Q 

9 

R 

R e  

r j 

S 

T 

t 

u, v 

V 

W 

Description 

Mach number,  dimensionless;  or momentum. lbm-ft /sec 

mass flow r a t e ,  slug/sec 

density of a parti le based on a unit volume of 
par t ic les ,  slug/ft 5 
index denoting numSer of d i sc re t e  gaseous spec ies  
cons ider  ed 

index denoting number of d i sc re t e  par t ic les  considered 

index denoting number of d i sc re t e  spec ies  
considered = N G S N P  

Nusselt  number ,  dimensionless  

unit normal  vector 

p r e s s u r e ,  lbf/ft 

par t ia l  p r e s s u r e  Qf spec ies  i ,  lbf/ft 

2 

2 

Prandt l  number ,  dimensionless 

heat t r ans fe r r ed  to  or from a gas-par t ic le  sys tem 
control volume, Btu 

velocity, f t /sec 

g a s  constant,  f t  / sec  / R 2 2 0  

Reynolds number,  dimensionless 

par t ic le  r a d i u s ,  ft 

sur face  a r e a  of a g a s -  a r t i c l e  system control  

tempera ture ,  OR 

volume; ft2; entropy, f t  5 /sec2/0R 

t ime,  s e c  

velocity components, f t /sec 

volume of a gas-par t ic le  sys tem control  volume, f t  3 

work performed on or b the  gas -pa r t i c l e  sybtem 
control volume,  ft’/sec E 

viii 
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Symbol 

W 

Greek 

a 

Y 

6 

V 

0 

V 

A 

P 

X 

Description 

production r a t e ,  lbm/sec 

position coordinates,  ft 

accommodation coefficient, dimensionless;  o r  Mach 
angle, rad iar  s 

cha rac t e r i s t i c  slope,  radians 

specific heat ra t io ,  dimensionless 

any extensive quantity of the element dv 

Kronecker delta 

0 ,  I fo r  two-dimensional o r  ax isymmetr ic  flow, respectively 

2 viscous s t r e s s  t enso r ,  lbf/ft 

emissivi ty ,  dimensionless 

nabla 

inclination of the flow vector with respec t  t o  the  
x-ax is ,  radians 

chemical potential, cal/gm 

viscosity,  lbf-sec/ft 2 

equation modifier 

density, slug/ft 

sur face  s t r e s s  tensor ,  lbf/ft 

Stefan -Boltzman constant, ft / sec  

3 

2 

2 3 

par t ic le  s t r e a m  function, lbm-sec/ft  

indicates summation, 

spec ies  mass fraction 

2 
j = l  

indicates par t ia l  der ivat ive 

ix 
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Subs c r i pt s 

I 

i 

L 

m 

n 

W 

x, Y 

Superscr ipts  

-. 

Description 

indicates init ial  data sur face  

indicates the quantity pertaining to species  i 

denotes local surface conditions 

indicates the quantity pertaining to  the g a s  -par t ic le  
mixture  

indicates nth data surface 

denotes nozzle wall conditions 

denotes par t ia l  differentiation in the x and y (or r) 
direct ions 

denotes a vector quantity 

denotes an ave rage  value over a s tep  length 

indicates t h e  quantity pertaining to a par t ic le  specie  

X 
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1. INTRODUCTION AND SUMMARY 

The o v e r a l l  o b j e c t i v e  of t h i s  s tudy  was t o  d e l i v e r  a nozzle-plume flow- 

f i e l d  code t h a t  has  c a p a b i l i t i e s  which do not  p r e s e n t l y  e x i s t  i n  a s i n g l e  

computer code. The RAMP code (Refs. 1 and 2 ) ,  developed by Lockheed under 

government funding, was chosen as t h e  b a s i c  code from which t o  work. 

b a s i c  RAMP code is of modular c o n s t r u c t i o n  and has t h e  fol lowing 

c a p a b i l i t i e s :  

The 

0 Two-phase wi th  two-phase t r anson ic  s o l u t i o n  

0 Two-phase, r e a c t i n g  gas  (chemical equ i l ib r ium r e a c t i o n  k i n e t i c s )  , 
supersonic  i n v i s c i d  nozzle/plume s o l u t i o n  

0 Opera t iona l  f o r  i n v i s c i d  s o l u t i o n s  a t  both h igh  and low a l t i t u d e s .  

During t h e  course  of t h e  s tudy  t h e  fol lowing c a p a b i l i t i e s  were added t o  t h e  

code t o  produce t h e  RAMP2 program: 

Direct i n t e r f a c e  wi th  JANNAF SPF code (Ref. 3)  

Shock cap tu r ing  f i n i t e  d i f f e r e n c e  numerical o p e r a t o r  

Two-phase, equ i l ib r ium/ f rczen ,  boundary l a y e r  a n a l y s i s  

Var iab le  ox id i ze r - to - fue l  r a t i o  t r a n s o n i c  s o l u t i o n  

Improved two-phase trcrnsonic s o l u t i o n  

Two-phase real  gas  semi-empitical nozz le  boundary layer 
expansion 

Continuum l i m i t  c r i t e r i a  

Sudden f r e e z e  f r e e  molecular  c a l c u l a t i o n  beyond t h e  
continuum l i m i t  

I n t e r f a c e  between t h e  Lockheed Plume Impingement Program 
(PLIMP) Ref. 4. 

1-1 
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Most of t h e  above c a p a b i l i t i e s  a l r e a d y  e x i s t e d  i n  o t h e r  computer codes. 

These codes were incorporated i n t o  t h e  RAMP code t o  enhance i t s  usefulness .  

The emphasis of t h i s  e f f o r t  was t o  improve t h e  c a p a b i l i t y  of t h e  program t o  

treat phenomena which s i g t i f i c a n t l y  a f f e c t  high a l t i t u d e  plumes. 

The c o n t e n t s  of  this volume a long  with t h e  o t h e r  two volumes (Refs. 4 

and 5 )  are designed t o  enable  t h e  u s e r  t o  e a s i l y ,  e f f i c i e n t l y ,  and accu- 

r a t e l y  apply  t h e  RAMP2 codes t o  c a l c u l a t e  rocket  exhaust  nozzle  and plume 

flow f i e l d s  t o  solve p r a c t i c a l  engineer ing  des ign  problems. 

RAMP2 c o n s i s t s  of t h r e e  b a s i c  computational modules: t h e  TPAN72 

program f o r  genera t ing  e q u i l i b r i u m  thermodynamic and t r a n s p o r t  d a t a ,  t h e  

RAMPZF code f o r  so lv ing  t h e  f low f i e l d ,  and t h e  BLIMPJ code ilsed t o  

calculate t h e  nozz le  boundary l a y e r .  

l i m i t a t i o n s  t h e  t h r e e  programs must be executed s e p a r a t e l y ;  however, 

communication between t h e  programs h a s  been provided v i a  temporary f i l e s  so 

t h a t ,  except  f o r  s e p a r a t e  execut ions ,  they can be considered as one program. 

Because of computer s t o r a g e  

Deta i led  d e s c r i p t i o n s  of t h e  TRAN72 (Ref. 6 )  and BLIMPJ (Ref. 7 )  have 

n o t  been inc luded ,  a l though Volume I1 c o n t a i n s  a b r i e f  d e s c r i p t i o n  of t h e  

subrout ines  of  each of t h e  codcs. Sec t ion  4 of Volume I11 c o n t a i n s  informa- 

t i o n  on how t o  use and input  t h e  TRAN72 code, and Sec t ion  5 c o n t a i n s  a b r i e f  

d i scuss ion  of t h e  BLIMPJ code. Complete d e s c r i p t i o n s  of t h e  two codes are 

a v a i l a b l e  i n  Refs. 6 and 7. 

Sol id  p r o p e l l a n t  motors are f r e q u e n t l y  u t i l i z e d  t o  provide -sunch 

v e h i c l e  boost and s t a g e  s e p a r a t i o n .  

c o n t a i n  metal a d d i t i v e s  which i n c r e a s e  t h e  energy conten t  of t h e  system and 

suppress  combustion p r e s s m e  i n s t a b i l i t i e s .  

r e s u l t s  I n  condensed products i n  t h e  nozzle-exhaust f low f i e l d s .  

create a number of adverse e f f e c t s .  

Most s o l i d  rocke t  momr p r o p e l l a n t s  

The presence of metal a d d i t i v e s  

This can  

1-2 
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Condensed products  (i .e. ,  p a r t i c u l a t e  aluminum ox ide ,  e t c . )  being i n e r t  

can  do no expansion work. Conseqvently t h r  particles are a c c e l e r a t e d  

through t h e  flow f i e l d  v i a  d rag  exe r t ed  on t he  gas  by t h e  v iscous  shear ing  

a c t i o n  between t h e  gas and p a r t i c u l a t e  phases.  Since the  p a r t i c l e s  do no 

expansion work, t h e  gas  phase c o o l s  more r a p i d l y  than  t h e  p a r t i c l e s .  The 

p a r t i c l e s  a t  any given l o c a t i o n  are thus  a t  a h igher  temperature  than t h e  

gas so t h a t  h e a t  is thus  t r a n s f e r r e d  from t h e  p a r t i c l e s  t o  t h e  g a s  by 

conduct ion and r a d i a t i o n .  The n e t  r e s u l t  is t h a t  t he  gas  phase exppnds 

u s e f u l  work i n  a c c e l e r a t i n g  t h e  p a r t i c l e s  while  acqu i r ing  h e a t  from t h e  

p a r t i c l e s .  

expansion. 

This  is an i r r e v e r s i b l e ,  non-adiabatic process  i n  t h e  gas  phase 

Exhaust plumes create h o s t i l e  environments t o  s u r f a c e s  immersed i n  t h e  

flow. 
heat ing .  Heating r e s u l t s  from both g a s  and condensates  impinging on t h e  

su r faces .  P a r t i c u l a t e s  i n  t h e  f low can  a l s o  cause s u r f a c e  e r o s i o n  and o t h e r  

s t r u c t u r a l  damage. 

These are i n  the  form of  s t r u c t u r a l  l oads ,  contaminat ion,  and 

Exhaust plume a p p l i c a t i o n s  and plume impingement problems t y p i c a l l y  

The c u r r e n t  Space S h u t t l e  occur  d u r i n g  launch ,  s t ag ing ,  and rendezvous. 

design o f f e r s  s e v e r a l  i l l u s t r a t i o n s  of  areas where exhaust  plume f lowf ie ld  

p r o p e r t i e s  and f low s t r u c t u r e  must be known. This  is schemat ica l ly  i l l u s -  

t r a t e d  i n  Fig.  1-1 which i n d i c a t e s  p o t e n t i a l  plume r e l a t e d  probiems from 

s o l i d  rocke t  motors. 

boos te r  motor exhaust  plumes impinge on t h e  launch s t and  hardware. W h i l e  

t h e  launch v e h i c l e  is i n  t he  v i c i n i t y  of t h e  launch pad, r e r a d i a t i o n  from 

t h e  launch pad t o  t h e  Orb i t e r  13 a p o t e n t i a l  problem. 

motor exhaust  plume a f f e c t s  t h e  S h u t t l e  base d rag  and aerodynamics dur ing  

t h e  boost phage. 

motor 's  forward and a f t  ends t h a t  a re  used t o  e f f e c t  s t a g r  s epa rd t ion  can  

p o t e n t i a l l y  s u b j e c t  t h e  Orb'ter and e x t e r n a l  hydrogenloxygen tank  t o  a 

r a t h e r  s eve re  environment. 

During t h e  Space S h u t t l e  launch t h e  s o l i d  rocke t  

The s o l i d  rocke t  

The s o l i d  rocke t  s e p a r a t i o n  motors mounted on t h e  boos te r  

1-3 
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Exhaust impingement applications require a detai led def in i t ion  of the 

gaseous plume s t ructure  a s  w e l l  as par t ic le  t ra jec tor ies  and dynamic prop- 

erties. The 

ex i t  plane pressure must be known along with the gas thermodyaamics. 
adequately describe the flowfield properties,  the mutual e f f ec t  of gas on 
particle and par t ic le  on gas must be calculated. Also "real gas" e f f ec t s  
can be s ignif icant  and should be included in the  gasdynaic considerations. 

Flume simulation s tudies  require that  plume shapes be known. 

To 

Solutions for  the supersonic flow of a gas-pdrticle mixture follow one 

of two approaches: 

energy are exchanged between the gas and particle phases (Refs. 8 ,  9, and 

101, and (b) an uncoupled solut ion (Ref. 11) i n  which particle t ra jec tor ies  
are traced through nozzle-exhaust plume flows. 

considers "real gas" e f fec ts ;  however, i t  treats only gas e f f ec t s  on the 
par t ic le  and is more applicable fo r  low aluminum content propellants. 'Pte 

coupled solutions are primarily performance oriented. 
readily p e w i t  treatment of highly aluminized propellants but are restruc- 
tured t o  constant thermodynamic properties. The performance code developed 

by Kliegel (Ref. 10) was subsequently u t i l i zed  t o  trace l iqu id  droplets i n  

predicting contamination t o  surfaces (Ref. 12). 

(a) a f u l l y  coupled solu+-ion i n  which momentum and 

The uncoupled solut ion 

These solutions 

Applications discussed previously require a knowledge of the flowfield 

structure.  Previous s tudies  (Refs. 13, 14,  and 15) indicated the need t o  
include the treatment of "real gas" e f f ec t s  in nozzle-plume calculations. 

'Ihe decision was subsequently made t o  extend the coupled gas-particle 
solution (Refs. 8 and 9) t o  include the treatment of gas thermochemistry 

(chemical equilibrium and chemical kinetics).  The choice of ccmputation 

scheme and computer code becomes more obvious a f t e r  examination of ant ic i -  

pated applicatione. 

1-5 
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The metnod-of-characteristics has proven t o  be a reliable numerical 
Existing gas-particle solution for nozzle-plume applications (Ref. 16). 

performance codes utilize the method of characteristics which indteated that 
an operational nozzle-exhaust plume code could be obtained with a minima of 
numerical solution development. 
corporated into a streamline-normal code (Ref. 17) which utilizes the method 

of characteristics to solve for local flow properties. There are several 

reasons for choosing this approach: 

The gas-particle capability has been in- 

Numerical difficulties encountered in highly expanded 
flow are circumvznted. 

0 The streamline-normal technique has a built-in 
mechanism for tracing particle streamlines. 

0 Transition flow between the continuum and free 
molecular flow regime is more readily treated. 

The code, in its present form, will handle the flow problems which 

exhibit or have any of the following characteristics: 

0 

0 

0 

0 

8 

0 

0 

0 

0 

0 

0 

0 

0 

0 

Supersonic Inviscid Flow 

Hi ghl y Under expanded No z zle s 
Hiehly Overexpanded Nozzles 
Shock Waves 
Sliplines 
So 1 id Walls 
Prc ssure Boundary 

Nonequilibrium Chemistry (Finite Rate) 

Equilibricm Chemistry 

Ideal Chemistry 

Free Molecular Flow 

Two-Phase Flow 
Oxidizer-to-Fuel (O/F) Ratio Gradients 
Nozzle Boundary Layer. 
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This report suslmarizes the improvements which were made under this 
contract to increase the capability of the RAMP program. 
report presents a detailed development of the equations governing the super- 
sonic flow of a chemically reacting gas-particle mixture. 

the poverning relations follows to a large extent the work of Kliegel. 
Basic assumptions are stated and the set of partial differential equations 
describing the gas-particle system are developed. 
cast in "characteristic" form and the corresponding difference equations 

written. &tails of the numerical solution are described for the various 
data point types. 
the numerical integration of the conservation equations. 

In addition, this 

Development of 

These relations are then 

The presentation is then concluacd with a description of 

In addition to a .description of the above analysis techniques, appen- 

dixes are included which discuss: 

coefficients; (2) aon-isoenergetic gas-phase flow treatment; (3) chemical 
equilibrium calculations in gas-particle flows; (4) non-continuum flow 

expansions; and (5) integration of the finite-rate chemical kinetic 

equations. 

(1) particle drag and heat transfer 
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2. SUMMARY OF STUDY PERFORMED FOR CONTRACT NAS9-16256 

A precise knowledge of l oca l  flow properties i n  nozzles and exhaust 
plumes is necessary f o r  performance, radiation, attenuation, heat t ransfer  
and impingement analyses. 

program is  designed t o  give detai led flowfield information i n  the supersonic 

region of a reacting multj-phase, two-dimensional o r  axisylemetric flow 

f ie ld .  

"free" such as in a plume. 

d i c t  performances as w e l l  as plume characteristics of a given engine system. 

A printed record of the program resu l t s  I s  given f o r  user  inspection while a 
binary tape is provided f o r  subsequent manipulation by other analyses. 

The reacting and multiphase (RAMP) computer 

The bouodaries of the flow f i e l d  may be so l id  such as i n  a nozzle o r  

The analysis may be ut i l ized  therefore t o  pre- 

The flow of a gas-particle mixture is described by the equations for  

conservation of mass, conservation of momentum, and conservation of energy. 

In the gaseous phase the state variables P, p, R and T are related by 'he 
equation of state while f o r  the particdate phaoe the equations are f o r  the 

particle drag, particle heat balance and the particle equatir 

Development of these equations is based on the following assumptions: 

pf state. 

1. The par t ic les  are spherical  in shaoe. 

2. The pa r t i c l e  i n t e rna l  temperature is uniform. 

3. The gas and par t ic les  exchange thermal energy by 
convection and radiat ion (optional). 

4. The gas obeys the perfect gas l a w  and is e i the r  frozen 
and/or i n  chemical equilibrium, o r  is i n  chemical 
non-equilibrium . 

5 .  The pressure of the gas and the drag of the par t ic les  
contr:bute t o  the force act ing on the control volume. 
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6 .  The gas is inviscid except f o r  the drag it exer t s  on the 
particles. 

7. There are no par t i c l e  interactions.  

3. %e volume occupied by the pa r t i c l e s  is negligible. 

9. There is  no mass exchange between the phases. 

10. A d i sc re t e  number of particles, each of d i f f e ren t  s ize  
o r  chemical species is chosen t o  represent the actual 
continuous particle d is t r ibu t ion .  

11. The pa r t i c l e s  are i n e r t .  

The supersonic two-phase solution accepts the s t a r t i n g  l ine  provided by 

the in te rna l ly  calculated transonic solution as w e l l  as other pertinent data 
suyplied through the  read function. The equations of motion under the 

aesusptions j u s t  l i s t e d  are hyperbolic and permit the  use of a forward 

marching scheme; a streamline/normal grid s t ruc ture  is employed where the 

otep lengths i n  the axial  and r a d i a l  d i rec t ions  are under program control. 

l b th  BCD (pr in te r )  and unfonuatted binary output tapes are produced. 

Trandtl-Meyer expansion of the gas phase and a f r ee  boundary calculation are 
employed t o  treat the plume flow solution. 
#p .c i f ied  problem limits a r e  reached. 

A 

The run is terminated when pre- 

The two-phase flow analysis w i l l  treat an extremely wide range of 
operating conditions. 

the theory ra ther  than numerical considerations. 

dimension statement s i z e s  which are a r b i t r a r i l y  set are not considered a 

l imitatton. R--. l r u e  limitations are: 

With few exceptions the l imi ta t ions  are imposed by 

In  t h i s  dlscusslon 

e SF zrsonic regions influenced by embedded subsonic regions. 

Vacuum or  l imi t ing  expansion l imi ta t ion  - a small region of t h e  
expansion fan fo r  a vacuum expansion cannot be t rea ted  where the 
Mach number i s  so l a rge  tha t  treatment by continuous flow assump- 
t ions  becomes meaningless ( t h i s  l imi ta t ion  is both numerical and 
theoret 'cal). 

Po' two-phase flow the lower boundary can on.?.!. be horizontal (i.e., 
._ 3zzle centerline) 
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During t h e  cour se  of t h e  s tudy  t h e  fo l lowing  c a p a 5 i l i t i e s  have been 

added to  t h e  code. 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

Direct i n t e r f a c e  wi th  JAWAF SPF code 

Shock cap tu r ing  f i n i t e  d i f f e r e n c e  numericr l  ope ra to r  

Two-phase, equi l ibr ium/f rozen ,  boundary l a y e r  a n a l y s i s  

Var iab le  oxidizer- to-fuel  ra t io  t r a n s c a i c  s o l u t i o n  

Improved two-phase t r a n s o n i c  s o l u t i o n  

Tvo-phase real g a s  semi-empir ical  nozzle  boundary l a y e r  
expansion 

Continuum l i m i t  criteria 

Suddefi f r e e z e  f r e e  molecular  c a l c u l a t i o n  beyond t h e  
continuum l i m i t .  

I n t e r f a c e  wi th  Plume Impingement models, and 

Documentation. 

2.1 MODIFICATIONS TO THE RAMP CODE 

This  s e c t i o n  d e a l s  with the  modi f ica t ions  which were incorpora ted  i n t o  

t h e  RAMP code under t h i s  c o n t r a c t .  

2.1.1 JANNAF Stand;-rd Plume Flowfield (SPF) Code I n t e r f a c e  

T:, perform a plume c a l c u l a t i o n ,  t h e  SPF code (Ref. 3)  r e q u i r e s  nozz le  

e x i t  p r o p e r t i e s  as i n i t i a l  condi t ions .  

or put on t a p e  e x i t  plane d a t a  i n  t h e  format t h a t  t h e  SPF code uses .  

code w i l l  punch d a t a  f o r  both s i n g l e  and two-phase cases. 

The RAMP code was modified t o  punch 

The 

A t  p re sen t ,  t he  SPF code can  accep t  d slngle chemical s p e c i e s  d i s t r i b u -  

t i o n  which must be app l i ed  a t  a l l  p o i n t s  a c r o s s  the  e x i t .  The RAMP code can 

have a d i s t r i b u t i o n  of species, so i t  was necessary  t o  mass f low average  the  
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species d is t r ibu t ions  a-.ross the  exi t  plane t o  produce a single set of 
species. 

b i l i t y  to  handle spatial var ia t ions i n  chemical species. 

This r e s t r i c t i o n  can be e a s i l y  removed whenever SPF has the  capa- 

The code is set up t o  punch the species information f o r  the various 

chemical systems t h a t  are avai lab le  in the  SPF code. 
which system t o  punch. 

using cards  then the species mole f rac t ions  t h a t  are t o  be punched f o r  the 
SPF code must be input for the appropriate system i n  the  same order as 

l i s t e d  I n  Table 2-1. 

ins ide  the code and need ns t  be input. 

system. Additionally, i dea l  gas cases can a l s o  be handled. 

The user  must specify 

If the  thermodynamic data  are input t o  t he  RAMP code 

For f i n i t e  rate cases these species are determined 

The user may also input another 

Table 2-1 

SPF CHEMICAL SYSTEMS 

System 1 - Hydrogen/Oxygen 

H, H2, H20, N2, 0, OH, O2 

System 2 - Carbon/Hydrogen/Oxygen 

COS COza H, H2’ H20, NZ, 0, OH, 0 2  

System 3 - Carbon/Hydrogen/Oxygen/Chlorine 
A1203(S), CO, COZJ CIS GP2, H, H2, H20, HCI, N2# 0, OH, 0 2  

Sy s tem 4 - Carbon/ Hydr ogen/Oxygen/ C hlor ine/Fluor ine 

CO, COZ, CP, Cf2, F, F2, H, H2g HZO, HCIJ HF, NZs 0, OH, 0 2  

System 5 - Hydrogen/Oxygen/Boron 

BO, BO2, BLO38 He H2, H20, HBOts Nz, 0, OH, 0 2  

Sy s t e m 6 - Hydro g e n/Ox y g en/B o r on/ C hlo r ine/F luo r ine 

BF,  BF2, BF3, BO, BOCL, BOF, BO29 B203* COS COz# C1, Ct2 

F, F2a H, HZ, HtO, HBOts HCI, HF, N2#0# OH, 0 2  
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2.1.2 Shock Capturing F i n i t e  Mfference Operator 

Tte or ig ina l  RAMP code has the logic  f o r  computing any number of r igh t  

o r  l e f t i u n n i n g  shocks using shock f i t t i n g  techniques. 

p a r t i a l l y  checked otit under previous e f for t s .  
capabi l i ty  t o  treat shocks tha t  can occur in some nozzles. 
scheaes require no special  equations o r  program logic  and are rel iable .  
most nozzle flows, existirig shock capturing techniques are su f f i c i en t ly  
powerful to  treat the shocks. Additionally, in order t o  d i r ec t ly  interface 

with the SPF code, i t  would be desirable  t o  use a shock capturing numerical 

opera t o r  . 

This l og ic  was 

It is desirable  t o  have the 
Shock capturing 

For 

For the above reasons a shock capturing algorithm was added t o  the 

code. 
i n t o  the code is ident ica l  to  the SPF code (Ref. 3) .  To obtain more idom- 
a t ion  on the scheme the reader is referred t o  Ref. 3. 

The methodology, equatlons and gr id  system which w a s  inc-rporated 

For the shock capturing option, the computational gr id  is composed of 

v e r t i c a l  lines and a r ad ia l  coordinate system normalized by the l o c a l  w a l l  
coordinate. 

point per  l i n e  f o r  a Cartesian system. 

follows: the forward marching algorithm is used t o  compute the flowfield 

properties a t  a l l  i n t e r i o r  points. Plowfield properties a t  the w a l l  are 
obtained v i a  the method-of-characteristics solution. Once the w a l l  has been 

computed, the coordinate system is transformed and the axis and in t e r io r  
points are solved. 

Ibis approach as taken t o  a l l ev ia t e  the problem of inser t ing a 

The computational procedure is as 

To check out the va l id i ty  of the shock capturing option, comparisons 

were made with known method-of-characteristics solutions.  Figure 2-1 
presents pressure d is t r ibu t ion  along a nozzle center l ine and wall f o r  

various calculat ional  techniques. 

capttiring solut ion is ident ica l  t o  the character is t ics  and SPF solutione. 

Ae can be seen from the f igure,  the shock 
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Fig. 2-1 Nozzle Wall and Centerline Mach Number Distributions 
Using Various Calculation Techniques 
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2.1.3 Two-Phase, Eguilibrium/Frozen, Boundary Layer Analysis 

Nozzle boundary layers  are known t o  influence ce r t a in  regions of nozzle 
flow and high a l t i t u d e  exhaust plumes (Refs. 18, 19 and 20). 
designers, t he  nozzle boundary layer is important in determining the thermal 

loads t o  the nozzle, performance lo s ses  due t o  heat  t ransfer  and e f f e c t s  on 
the  nozzle pressure d i s t r ibu t ion  due t o  the  displacement thickness e f f e c t  on 

the inviscid flow structure .  

l ayer  is important because of i t s  e f f e c t  on the  exhaust plume. A t  high 

a l t i t u d e s  the nozzle boundary layer  causes the plume t o  expand t o  la rge  
angles (approximately 180 deg). In these backflow regions, spacecraft and 
sens i t ive  surfaces are subjected t o  unwanted contamination, forces,  moments 
and heating rates. 
expanded boundary l aye r  flow is importaL . 
many appl icat ions the nozzle w a l l  boundary layer  is an important factor .  

For nozzle 

For spacecraf t  designers the  nozzle boundary 

For some appl icat ions the rad ia t ive  propert ies  of the 

Thus, i t  is  e a s y  t o  see that f o r  

To date there have been numerous techniques used t o  account f o r  

boundary layer  e f f ec t s  of the  nozzle and exhaust plume flow f i e lds .  

hckheed-Huntsville has an  option i n  the MOC and PIP  code (Ref. 21, a 
version of RAMP) which superimposes a power l a w  boundary layer  p ro f i l e  based 

on a f la t  p la te  boundary layer thickness on the  e x i t  plane start l i ne .  
p ro f i l e  can contain a t o t a l  temperature var ia t ion  which has been found t o  be 

important (Ref. 21) i n  the back flow region of the plume. 

simplified approach and the method of determining the boundary layer  thick- 

ness  is very crude. 
have used various boundary layer  codes and the inviscid nozzle results t o  

generate a be t t e r  set of boundary layer  properties which were then super- 

imposed on the  nozzle e x i t  plane inviscid resu l t s .  

have gone a s t e p  fur ther  and I t e r a t i v e l y  solved the inv isc id  nozzle and 

boundary layer t o  determine the e f f e c t  of the boundary layer on rile nozzle 

flow f i e ld .  Finally,  i t  is possible t o  do a f u l l y  viscous nozzle solut ion 

with a method such 8s  Lockheed-Huntsville's GIM code (Ref. 22). 
f u l l y  viscous n-ozele solut ion i s  beyond the scope of t h i s  e f fo r t .  

The 

This is  a very 

Lockheed-Huntsville personnel and other invest igators  

Next, some invest igators  

However, a 

It should 
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be noted t h a t  a l l  techniques except  t h e  f i r s t  r e q u i r e  a tremendous amount of 

e f f o r t  and hand c a l c u l a t i o n s  t o  f i n a l l y  o b t a i n  a plume s o l u t i o n .  

pose of  t h i s  t a s k  was t o  automate t h e  boundary l a y e r  nozzle  s o l u t i o n  t o  

a r r i v e  a t  a n  e x i t  plane start l i n e  which i n c l u d e s  a l l  t h e  e f f e c t s  mentioned 

above. 

The pur- 

The BLIMPJ boundary l a y e r  code (Ref. 7 )  was chosen f o r  t h e  s o l u t i o n  of 

BLIMPJ is a JANNAF s tandard  boundary l a y e r  t h e  nozzle  w a l l  boundary l a y e r .  

code f o r  d e t e w i n i n g  boundary l a y e r  e f f e c t s  on t h e  performance of a rocke t  

engine.  The BLIMPJ code is  set up t o  handle  nozzle f lows,  e q u i l i b r i u m  o r  

f rozen  chemistry,  uses  t h e  JANNAF s tandard  thermochemistry curve f i t s  and 

has  numerous ways of t r e a t i n g  t h e  nozz le  wall  t h a t  allow i t  t o  treat l i q u i d  

engines  as  w e l l  as s o l i d  motors w i t h  and without  a b l a t i v e  walls. 

present ,  t h e  i n t e r f a c e  between RAMP and BLIMPJ a l lows  only  t h e  fol lowing 

wall op t ions :  

temperature d i s t r i b u t i o n .  

i n  t h e  code. 

wi th  a few modif ica t ions  t o  t h e  RAMP code. 

condition o p t i o n s ,  t h e  u s e r  may a l s o  select laminar, t u r b u l e n t ,  f rozen ,  o r  

equi l ibr ium f lows o r  l e t  t h e  code d e f a u l t  t o  t u r b u l e n t ,  equi l ibr ium. 

t u r b u l e n t  boundary l a y e r  o p t i o n  is used, t h e  flow w i l l  t r a n s i t i o n  t o  a 
t u r b u l e n t  p r o f i l e  when t h e  Reynolds number based on momentum t h i c k n e s s  

exceeds 250. 

A t  

a d i a b a t i c  wall, s teady  s ta te  energy balance o r  a s p e c i f i e d  

The a d a b a t i c  w a l l  o p t i o n  is t h e  d e f a u l t  o p t i o n  

The remaining wall  o p t i o n s  i n  t h e  BLIMPJ code could be used 

I n  a d d i t i o n  t o  wall boundary 

I f  t h e  

A l l  i n p u t  d a t a  f o r  t h e  boundary l a y e r  s o l u t i o n  are generated i n s i d e . t h e  

RAMP code except  t h e  nozzle  wall temperature d i s t r i b u t i o n ,  i f  t h a t  o p t i o n  is 

s p e c i f i e d .  

t h e  i n v i s c i d  s o l u t i o n  was i n p u t  v i a  cards .  

Chemical s p e c i e s  must be input  i f  t h e  thermochemistry d a t a  f o r  

The BLIMPJ code was t o o  l a r g e  f o r  conversion t o  a module f o r  t h e  RAMP 
code, so i f  i t  is d e s i r e d  t o  genera te  a nozz le  boundary l a y e r  and o b t a i n  a 
viecous e x i t  p lane  s ta r t  l i n e  i t  is f i r s t  necessary t o  run t h e  RAMP code t o  

c a l c u l a t e  t h e  i n v i s c i d  nozzle  s o l u t i o n .  

t h e  BLIMPJ input  d a t a  on i t .  The BLIHPJ code is then executed (no d a t a  

The RAMP code g e n e r a t e s  a f i l e  with 
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cards). 
sequent use by the kWi code. 
single input card and an e x i t  plane ve r t i ca l  o r  normal start liile is gene- 
rated. 

boundary layer  solut ions merged. 

ment over previous methods which required many hand calculations,  cross 

plottirig, etc. 

2he BLIMPJ r e su l t s  are printed out and stored on a f i l e  f o r  sub- 
The RAMP code is then reexecuted with j u s t  a 

The e x i t  plane start l i r e  has the r e su l t s  of the inviscid nozzle and 

This capabi l i ty  is a considerable improve- 

For most rocket motors the boundary layer is f a i r l y  th in  (approximately 

5 t o  10% of e x i t  diameter) and the resu l tan t  e f f ec t  on inviscirl flow proper- 

t i e s  is minimal. 

solut ion and boundary layer calculat ion is adequate. The boundary layer 

result3 w i l l  then be superimposed on the inviscid nozzle solut ion and an 

e x i t  plane start l i n e  with boundary layer ef,Acts w i l l  be generated which 

can be used t o  perform a plume expansion. 

For these cases one pass through the inviscid nozzle 

Some low pressure o r  low thrus t  motors have boundary layers which 

contain a s igni f icant  portion of the t o t a l  mass flow of the system. 

these cases the e n t i r e  solut ion should be i te ra ted  f o r  by making two passes 
through the inviscid nozzle and boundary layer calculations.  
i n i t i a l  nozzle and boundary layer  solut ion has been completed, the nozzle 
solut ions w i l l  be calculated with the actual w a l l  contour adjusted by the 

l o c a l  displacement thickness which was determined from the boundary layer 

calculation. 

edge conditions from the second nozzle calculation, 

be superimposed on the or ig ina l  nozzle contour and second flowfield solut ion 

and an  e x i t  s t a r t l i n e  w i l l  be output or  saved. 

presently operational. However, for these cases the boundary layer solut ion 

is solved a second time with new edge conditions taken from the inviscid 

r e su l t s  a t  the edge of the f i r s t  BLIMPJ boundary layer. 

and viscous r e su l t s  match very w e l l  a t  the boundary layer  edge. 
is controlled in te rna l  t o  the program and requires no user interface.  

I n  

After the 

The boundary layer solut ion w i l l  then be rerun using the new 

I?.e results w i l l  then 

This capab i l i t j  is not 

Thus, t h e  inviscid 

This option 
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2 .l.4 Par t ic le  Tracing Through Boundary Layer 

Any parbAc*late matter (fl203-SObidS or unburned propellant drop- 

lets i n  l iqu id  motors) zh4;h might enter  the nozzle w a l l  boundary layer 
could be  influenced by the boundary layer  t o  be expanded i n t o  the backflow 
region. 
is necessary t o  track par t ic les  through the boundary layer i n  order t o  

obtain the most accurate reptesei ta t ion of the nozzle flow properties a t  the 

ex1 t plane. 

Thus, there may be cer ta in  motor/nozzla configurations i n  which it  

Lockheed-Huntsville added a par t i c l e  streamline t racing module ' thP 

nozzle code. 

module was used i n  predicting the IUS, SSUS par t ic le  d i s t r ibu t ions  published 

i n  Ref. 23. 

angle, temperature and density) and t races  the par t ic les  through a known 

flow f ie ld .  

The code which was used as the basic building block OX t h i s  

This code uses i n i t i a l  pa r t i c l e  properties (velocity,  flow 

This option is user-aelectable. The basic method'used is shown 
i n  Pig. 2-2. 

After the inviscid nozzle solut ion and boundary layer solutions have 

been completed, the RAMP code is re-executed and log ic  is banded off t o  the 

pa r t i c l e  t ra jectory tracing module. 

boundary layer edge location i n  the inviscid nozzle s ~ l u t i o n  t o  determine i f  

any payticlee are found t o  penetrate the boundary layer. 

par t icular  e ize  group which has been found t o  penetrate the boundary layer a 
d ls t r ibu t ion  of individual pa r t i c l e  properties w i l l  be determined (inter-  

polated off  nozzle solut ion tape) a t  several  s ta t ions  along the boundary 

layer  edge. 

boundary layer  properties w i l l  be generated u d n g  the boundary layer data 
tape. 

flow f i e l d  and par t ic le  propertias w i l l  be determined a t  the previously 

determined e x i t  plane. 

flow properties due t o  energy and momentum interchange are not considered. 

The f i r s t  s t ep  is t o  search the 

Then fo r  each 

This w i l l  be done f o r  each s i ze  group. Next a map of the 

F i n a l l y ,  each par t ic le  streamline w i l l  be traced through t h i s  mapped 

The e f f ec t  of the par t ic les  on the boundary layer 
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Part iclc 
St reamline s 

\ 
Nozzle Wall 

Boundary La ye r 
Data Planes 1 

Boundary Layer , 
I / 

Exit Plane 
--\&[ 

Fig. 2-2 Schematic .+€ Particle Trajectory Tracing Method t o  be Us& 
i n  the Inviscid Nozzle Code 
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F ind l ly ,  t h e  boundary l a y e r  r e s u l t s ,  t h e  i n v i s c i d  nozzle  s o l u t i o n  and 

t h e  p a r t i c l e  p rope r t i e s  i n  t h e  boundary l a y e r  are merged, and a n  e x i t  p lane  

s ta r t  l i n e  f o r  a RAMP restart o r  SPF run w i l l  be generated.  

Severa l  cases have been executed us ing  t h e  p a r t i c l e  t r a j e c t o r y  opt ion.  

Figure 2-3 presen t s  some r e s u l t s  of  t h e  Large Boeing IUS motor c a l c u l a t i o n s  

which i l l u s t r a t e  t he  e f f e c t  t h e  boundary l a y e r  can have on t h e  p a r t i c l e  

proper t ies .  

temperature and v e l o c i t y  are shown f o r  both t h e  i n v i s c i d  and v i scous  

ca l cu la t ions .  

The a x i a l  d i s t r i b u t i o n  of  a p a r t i c l e  l i m i t i n g  s t r eaml ine  

2.1.5 Boundary Layer Expansion a t  L ip  

Another requi red  c a p a b i l i t y  of  t h e  nozzle  code is a f u l l y  automated 

After a n  e x i t  p lane  technique t o  expand t h e  boundary l a y e r  a t  t h e  l i p .  

start l i n e  h a s  been generated i t  i s  very  s t r a igh t fo rward  t o  use  t h e  Prandt l -  

Meyer r e l a t i o n s h i p  t o  expand t h e  flow. The key poin t  he re  is  t o  get a f u l l y  

supersonic  start l i n e .  Numerous i n v e s t i g a t o r s  have made va r ious  assumptions 

t o  o b t a i n  s tar t  l i n e s  f o r  plume s o l u t i o n s  t h a t  accouct  f o r  t h e  nozzle  w a l l  
boundary l aye r .  The va r ious  techniques w i l l  be d iscussed  b r i e f l y .  

Perhaps t h e  most simple method of ob ta in ing  a supersonic  s ta r t  l i n e  is 

t o  d i sca rd  t h e  subsonic  po r t ion  of  t h e  boundary l a y e r  (Refs. 18 and 24) and 

a d j u s t  t h e  s p a t i a l  d i s t r i b u t i o n  of boundary l a y e r  p o i n t s  up t o  the  l i p .  

Thia method throws mass away from t h e  system and w i l l  a f f e c t  t h e  r e s u l t s  i n  

t h e  backflow region. For nozz les  which have t h i n  t u r b u l e n t  boundary l a y e r s ,  

t hese  e f f e c t s  are probably minimal. For very v iscous  n x z l e s  (low p res su re )  

or laminer boundary l a y e r s  t he  e f f e c t s  of  t h i s  assumption could seve re ly  

compromise the  plume r e s u l t s  i n  t h e  backflow reg ion  ( g r e a t e r  than  30 deg). 

It  s h ~ u l d  be noted t h a t  t h i s  technique could cons ider  t o t a l  temperature  

v a r i a t i o n s  through the  boundary l aye r .  
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Fig. 2-3 Large Boeing Motor 0.5 micron Radius Particle Limiting Streamline 
Temperature and Velocity nistributions for Calculations With and 
Without the N o z z l e  Boundary Layer 
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Seubold ( R e f .  25) used the technique of replacing the subsonic port icn 

of the  boundary layer  with oms8 average propert ies  a t  a s l i g h t l y  supersonic 

value. The 

resu l tan t  plume flow had the correct  mass flow but did not consider the 

t o t a l  temperature variations. 

Thls resul ted in a l ayer  of constant propert ies  near the  w a l l .  

The f i r s t  two techniques assumed that the s ta t ic  pressure through the 
Near the l i p ,  hocicver, the subsonic portion of bourrdary layer  is constant. 

t h e  boundary layer  is influenced by the expansion process (Refs. 26, 27, and 
28) a s  shown in Fig. 2-4. For highly underexpanded flows the sonic l i n e  has 

been f o m d  t o  a t t ach  t o  the l i p  (Ref. 26) so t ha t  the flow a t  the  w a l l  must 

rapidly accelerace when it g e t s  near the l i p  and the static pressure rapidly 

decreases. 

as i t  negotiates the  l i p  so that downstream flow conditions can feed back up 

i n t o  the boundary layer. 

For overexpanded fl6ws the subsonic flow merely s t ays  subsonic 

Fig. 2-4 Mach Nuuber Contours for  an Underexpanded Axially 
Symnietric Nozzle (Case 6)  
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Cooper (Bef. 29) went a l i t t l e  fur ther  than the  f i r s t  two approaches as 
f a r  as treatment of the subsonic flaw expanding to  the sonic 1i.j conditiom. 
H e  assueed that the flow ( P O  a t  w a l l )  just upstream of the l i p  expanded t o  
Pl a t  the l i p .  

was the sane as the w a l l  t o t a l  pressure and the freestream static pressure, 
the only way f o r  W1 to  be reached at  the l i p  was f o r  the w a l l  static pres- 

su re  t o  drop. 

across the flow a t  the l i p .  It was then assumed that the static pressure a t  

a Specifled point i n  the boundary layer is not i f fected by the expansion and 

the pressure d is t r ibu t ion  I s  fa i red  i n t o  the known l i p  conditions. 

method is not t o t a l l y  rigorous but doea include boundary layer  e f f e c t s  and 
has been shown t o  result i n  good comparisons with some e s p e r h n t a l  data i n  

the backflow region. 

Since the static pressure upstream of the l i p  a t  the w a l l  

Therefore, there wi l l  be a static pressure d is t r ibu t ion  

This 

F i n a l l y ,  there are exact solut ions t o  the corner flow problem. bird 

(Ref. 26) uses a d i r e c t  simulation Monte Carlo ;Pethod. 

so t h a t  it would compute the e n t i r e  nozzle o r  the region near the throat. 

H e  predicts the attacherent of the eonic l i n e  f o r  underexpanded nozzles. 

Baum (Ref. 28) uses a f i n i t e  difference method along with boundary layer  

equations t o  describe the subsonic portion of the boundary l8yer .  
application was fo r  base flow about blunt bodies and compares well with 

data. 
solve the corner problem. 

are outside the scope of t h i s  e f for t .  

He set his model up 

His 

Finally, tht previously mentioned GIM code can be used t o  exactly 
A l l  three of these methods ar? very complex and 

In the preseat version of the code the method of Seubold w a s  incorpo- 

Total temperature var ia t ions are included and the mass flow i n  the rated. 

boundary layer is conserved. 

f o r  a 5 l b f  bipropellant motor. 

2-5 campere very w e l l  with experimental data. 

Plume calculations using t h i s  method were made 

The mass f lux  predictions as shown in Pig. 
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Angle from Nozzle Axis (deg) 

Fig. 2-5 ?&ass Flux Normalized by Centerline Mass Flux 
YS Angle from Plume Centerline f o r  5 l b f  
Bipropellant Motor 

2.1.6 Variable Oxidizer-to-Fuel Ratio Transonic Solution 

Solution of the subsonic-transonic region of a l i qu id  rocket engine can 
vary in complexity from a simple one-dimensional variable O/F stroamtube 

analysis (Ref. 30) t o  the most de ta i led  model such as tha t  of the M s t r i -  

buted Energy Release (DER, Ref. 31) model. The streamtube analysis performs 
a multizone onedimensional calculation t o  the sonic point given a known O/F 
dis t r ibu t ion  j u s t  downstream of the  in jec t ion  face. 
complex model which is i n i t i a t e d  upptream of the in jec tor  face and continues 

the  solution up through the  sonic l ine .  

nozzle solutions i n  Ref. 32 but is not par t icu lar ly  easy t o  use and input 

zfd requires a good b i t  of user experience t o  successfully execute. 

The DER program is a 

The DER code was used t o  i n i t i a t e  

For 
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these reasons it  is not u t i l i zed  i n  the  nozzle code. 

a one-dimensional s t t e s m t u b e  analysis  does not account f o r  two-dimensional 

e f fec ts .  A timedependent scheme (Ref. 33) i s  a compromise between these 
two schemes. 
r e su l t s  i n  a set of mixed partial  d i f f e r e n t i a l  equations. 

procedure is an  unsteady time-dependent f i n i t e  difference technique with 
equilibrium chemistry. This technique has both the equilibrium and var iable  
O/F chemistry opt ioc and has been u t i l i zed  (Refs. 34 and 35) previously with 

excel lent  resu l t s .  

module and has been executed f o r  a l l  combinations of i dea l  and equilibrium 

chemistry, constant and var iable  O/F dis t r ibut ions.  

required by t h i s  module are: 

throat;  (2) average O/F r a t io ;  (3) locat ion 2f the i n i t i a l  da ta  surface t o  

start the transonic solution; (4) locat ion of the nozzle throa t ,  and; (5) 

the O/P d i s t r ibu t ion  a t  the i n i t i a l  da ta  surface. 

On the  other  hand, 

The approach includes the radial  momentum equation which 
The solut ion 

This code has been incorporated i i t o  the RAMP code a s  a 

Additional inputs  

(1) combustion chamber geometry down t o  the 

Figure 2-6 presents some re su l t s  of the variable O/F calculat ions f o r  

E x i t  plane d is t r ibu t ions  the Space Shut t le  Reaction Control System engine. 

Fig. 2-6 Comparison of RAMP Calculation €or Space Shut t le  RCS 
Motor Plume with Pitot  Pressure Survey Taken a t  45  i n .  
from Nozzle Exit Plane 
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of pressure and temperature are presented f o r  both constant and var iable  O/F 

sssumptions. 

a t  the throat.  
nozzle throat  a t  the point where the  nozzle begins t o  contract. The O/F 
d i s t r ibu t iou  a t  t h i s  locat ion was inferred from the  in j ec to r  pa t te rn  and 

incoming mass flow d is t r ibu t ion .  

The constant O/F calculat ion was performed assuming Mach 1.05 
The var iable  O/F calculat ion was i n i t i a t e d  upstream of the 

2.1.7 Improved Two-Phase Transonic Solution 

The o r ig ina l  transonic module which w a s  incorporated i n t o  the  RAMP code 
could handle throat  r a d i i  of curvature t o  throat  radius r a t i o s  above 1.5. 
Many so l id  motors have r a d i i  of curvature r a t i o s  smaller than 1. 

a l l e v i a t e  t h i s  l imi ta t ion  the improved approximate transonic module w a s  

taken from the new Standard Performance Prediction program (SPP, Ref. 36) 
and put i n t o  the RAMP code. 

To 

Many transonic solut ions using t h i s  module have been run f o r  varying 

upstream and downstream r a d i i  of curvature ratios. 

2.1.8 Continuum L i m i t  Criteria 

There have been numerous s tudies  over the past  several  years concerning 
methods of determining where continuum flow breaks down and f r e e  molecular 

flow begins. 

cr l ter ia  based on Mach and Reynolds number, and the "breakdown parameter" as 

proposed by G.A. Bird (Ref. 37). 

Examples of these c r l t e r i a  are the Knudsen number cri teria,  

The present version of the  program uses an average Knudsen number t o  

check f o r  t r ans i t i on  from continuum t o  "frce' molecular" flow regimes where 
the average Knudsen ngmber between the old streamline base point is calcu- 

la ted  v i a  the 'following equation: 

Kn = .788539 (fi2/%) In T1 - In  T2 I /dS I 
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where the propert ies  a r e  averaged between the old (1) and new (2 )  streamline 

points. 

number against  the input Knudsen number f o r  cri teria t rans la t iona l  freezing. 
Once the flow regime has been determined the  appropriate spec i f ic  heat r a t i o  

(gamma) and t o t a l  conditions are calculated. 

standardly used t o  check fo r  t rans i t ion .  

The flow regime is determined by checking the calculated Knudsen 

A Knudsen number o t  10 is 

The criteria of Bird (Ref .  37) have a l so  been included i n  the program. 

The Bird crl teria spec i f ies  where the continuous flow equations start  t o  
break down. 

goes f r ee  molecular. 

This i s  not necessarily the locat ion i n  the flow where the flow 

Bird's breakdown cr i ter ia  

i s  calculated a t  each point on the normal. 
0.05 is exceeded, the code points  out the location on the normal where P = 

0.05. The c o l l i s i o n  frequency v i s  calculated using t h e  hard sphere 

re lationship: 

I f  the breakdown parameter of 

5 PRT 
4 u  

v 0 -- 

The code does 
loca tes  the surface 

keep track of the continuum "breakdown cr i ter ia"  and 

i n  the plume vhere the "breakdown cr i te r ion"  of 0.05 is  
located. 
so t ha t  t h i s  information may be passed along t o  a f u l l  Monte Carlo solution. 

An example of the appl icat ion of the Knudsen number and Bird breekdown 

cr i ter ia  Is shown i n  Fig. 2-7. 

In  the fu ture  the appropriate da ta  a t  t h i s  surface w i l l  be stored 
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Axial Distance from Nozzle E x i t  Plane ( f t )  

Fig. 2-7 Large Boelng Motor Fshaust Plume Mach Number Contours 
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The Interim Upper Stage (IUS) is used t o  boost payloads from near ea r th  
o r b i t  t o  higher orbi ts .  
From a payload and stage design standpoint i t  is necessary t o  aef ine the 
exhaust plume, 

exhaust plume including a l l  the driving phenomena: 

thermochemistry with t o t a l  enthalpy var ia t ions,  two-phase flow, nozzle w s l l  
bcundsry layer, and f r ee  molecular flow. Figure 2-7 presents contour p lo ts  

f o r  Mach number in the exhaust plume. Shown on this f igure is the  Knudsen 

number of 10 and the continuum breakdown surface corresponding t o  the Bird 

breakdown c r i t e r i a  of 0.05. Beyond the Knudsen number 10  contour the flow 

was t reated as f r ee  molecular. 

This stage uses so l id  rocket motors as propulsion. 

The RAMP code is especial ly  sui ted to  calculat ing the IUS 

e q u i l i b r i d f r o z e n  

2.1.9 Free Molecular Flow Option 

A "sudder freeze" f r e e  molecular flow optlon has been incorporated into 
Once the specified Knudsen numbrr criteria have been exceeded the 

(Specific heat r a t i o ,  molecular weight, veloci ty  and 

the code. 

flow is frozen. 

temperature along gas streamline is held constant.) A t  t h i s  point the 

streamline is assumed t o  expand a t  a consrant flow angle and the density 

varies according t o  the streamtube area. 
t ions t o  be performed i n  the  backflow region (>90 deg) of the plume. 
Numerous cases have been run f o r  several  hundred nozzle e x i t  diameters. 

This option allows the calcula- 

2.1.10 Interface with Plume Impingement Model 

Specification of the amount and t y p e  of plume exhaust products a t  a 
surface immersed in a rocket plume is important f o r  determination of space- 

c r a f t  surface degradation. 
a c t e r i s t i c s  of the exhaust plume has been performed it is necessary t o  

rela; the spatial charac te r i s t ics  of the plume t o  a surface tba t  is 
imersed  in the  plume. 

After an adequate representation of the char- 
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Under previous s tudies ,  Lockheed-Huntsville developed the Lockheed 

Plume Impingement code (Ref. 38). 
and heating rates t o  bodies immersed i n  the exhaust plume generated by the  
Lockheed Method-of-Characteristics Program (Ref. 16). 

This program w i l l  provide forces,  aoments 

The Plume Impingement Program (PLIMP) has been modified so that i t  can 
use the  r e s u l t s  of the RAMP2 code t o  predict  forces,  moments and heating 

rates due t o  plume impingement. 

modified t o  determine the types and amounts of plume species a t  any given 

locat ion of a body immersed i n  the  exhaust plume. 

program is avai lable  with W 2 .  

Additionally, the  PLIMP code has been 

This version of the  PLIMP 
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3 .  FUNDAP*lE!!TAL E Q U A T I O N S  F O R  S T E A D Y  FLCW 
OF R E A C T I N G  G A S - P A R T I C L E  M l X T U R E S  

3 . 1  BASIC ASSUMPTIONS FOR T H E  GOVERNING EQUATIONS 

The flow of a pas-par t ic le  mixture  i s  descr ibed by the equations for  

conservation of m a s s ,  conservation of momentum and conservation of energy. 

In the  gaseous phase the s t a t e  var iables ,  P,p, R and T are  related by t h ?  

equation of s t a t e  while for  t h e  par t iculate  phase the  equations a re  for the  

par t ic le  d rag ,  par t ic le  heat balance and the par t ic le  equation of state.  De- 
velopment of these  equations is based on the  follcwing assumptions: 

1. The par t ic les  are  spher ica l  in shape. 

2. The par t ic le  in te rna l  t empera tu re  is m i f o r m .  

3. The g a s  and paFticles exchange the rma l  energy by con- 
vection and radiation (optional). 

4. The g a s  obeys t h e  perfect  g a s  law and is ei ther  f rozen 
and/or in chemical  equilibrium, o r  is .n chemical  non- 
equilibrium. 

5 .  The forces  acting on the  control  volume a re  the p r e s s u r e  
of the g a s  and the  drag of t he  par t ic les .  

6.  The g a s  is inviscid except for  the drag  i t  exe r t s  on the 
par t ic les .  

7. There  are  no par t ic le  interactions.  

8, The lrolume occupied by the par t ic les  is negligible. 
9. The re  i s  no m a s s  exchange ketween the  phases .  

10. A d i sc re t e  number of par t ic les ,  each of different  s i ze  o r  
chemical spec ies ,  i s  chosen t o  represent  the actual  con- 
tinuous par t ic le  distribution. 

11. The par t ic les  a r e  iner t .  

These  a r e  basically the s a m e  as originally stated by Kliegel cxcept for the  

provision to: (a) calculate the  radiation exchang2 between the g a s  and par t ic le  

phase (assumption 3 ) ;  ( b )  t h e  g a s  phase can be e i t h e r  f r o z e n ,  i n  chemical  
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equilibrium, i3r chemical non-equilibrium (assumption 4). 

and energy of t h e  gas -pa r t i c l e  s y s t e m  are not constant since provisions are 
m a d e  for par t ic le  s t r eaml ines  to penet ra te  t he  exhaust plume boundary. 

The t o t a l  mass 

3.2 GOVERNING EQUATIONS FOR THE GAS-PARTICLE MIXTURES 

3.2.1 ContiniAty Equation 

The various forms of the  continuity equation for chemically reacting 

gas-par t ic le  mix tu res  are derived in t h i s  section. 

derived, in o r d e r  are: 
The  fo rms  of the  equation 

1. Species Continuity Equation (3.6) 
2. Global Continuity Equation/(Steady State) (3.13 1 /( 3 027) 

3. Gas Continuity Equation (3.19) 

4. Particle Continuity Equation (3.20) 

5 .  Species Continuity Equations as a Function of 

6 .  Particle Continuity Equation for  Each P a r t i c l e  

(3.25)/(3.29) 
Mass  Fraction/(Steady State) 

spec ies  j/(Steady State) 
(3.26)/(3.28) 

Consider a chemically reacting g a s  -particle mix tu re  flowing through 

mme a r b i t r a r y  stationary cont ro l  volume, v, (Fig. 3-1)bounded by the  con- 

t r o l  surface,  s. 

Fig ,  3-1 - Control Volume for the  System of Equations 
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F3r such a flow sys tem,  Reyr_olc!'s Transpor t  t heo rem s ta tes  that: 

where  A = any a r b i t r a r y  pa rame te r .  

Applying the  Gauss ,  o r  Divergence theorem 

where B = any a rb i t r a ry  vector qualltity 

to Eq. (3.1) yielcls: 

D / A d V  Dt = f d V  4- 1 V A G d V .  
V V V 

Fur the rmore ,  the scbstantial  o r  Eu le r ' s  der ivat ive m a y  b e  writ ten in the  
form: 

- DA a A + < . V A .  
Dt = 

( 3 . 3 )  

(3.4) 

In a flow sys t em of gas-par t ic le  mix tu res  in  which c:.em'cal react ions 

take place, the  principle of conservation of mass of each chemical  species 

m a y  be writ ten as: 

Jpi dV - wi dV = 0 1 = 1 , N S ;  

V VT 
(3.5) 

where wi = production r a t e  of species  i duc to  e i ther  internal o r  exterqal  

sou rces  such as chemical react ions and mass additions. 

Applying Eq.(3.3)to the  f i r s t  t e r m  of Eq. ( 3 . 5 )  

A 
Dt pi dV = / dV + 1 Ve pi qi dV i = l , N S ,  " /  

V V V 
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substituting the resrilt back into Zq. (3.5) 

v V V 

and rearranging t e r m s  yields 

1 

i = 1 , N S .  

The above equation simply s ta tes  that ,  fo r  species  i ,  the  mass r a t e  of 

increase inside the  control volume is equal to  the net rate of mass flow into 
the control volume plus the  r a t e  of mass produced due t o  chemical react ions 

and mass addition. In the fo!lowing, we shall ,  however, exclude mass addition 

from external sources .  

Combining t h e  integrands under one integral  

A 

t v o p i q i  dV = 0 i = 1 , N S ,  

V 

ana noting that the  volume V under consideration is a r b i t r a r y ;  the  only way 

for the above equation to  be valid for all V is for the  integrand t o  vanish. W e  

therefore  1. ave 

aP, & - + V * p i q i - w .  1 = 0 i =  1 , N S .  at ( 3 . 6 )  

Eqiiation ( 3 6 )  is know? as the  species  continuity equation. It is valid 

for each chemical species  at each internal  quantum s ta te .  

a s sume  tha: the var ious internal modes of motion a r e  fully excited and a r e  

in equilibrium with each other. It is well known that th i s  is approximately 

the c a s e  for the translational and rotational deg rees  of freedom where the 

equilibrium value is attained in a few collisions. In genera l ,  the  vibrational 

degree of freedom approaches the equilibrium s ta te  somewhat more slowly, 

W e  shall ,  however, 

3 - 4  
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except at very  high tempera tures .  

high tempera tures ,  this  approximation is often justified. 
equation can now be deri.Fed by summing Eq. (3.6) for  all species  present .  

As chemical  react ions usually occur at 
The global continuity 

E (% i v  p i s i  A - w i  * \  = 0 
/ 1=1 

o r  
N S  

2 
NS N S  

- q p i i V . C p i q i - C W  ?t i = 0 

i = l  i= l  i = l  

(3.7) 

To a r r i v e  at the final fo rm of the global continuity equation, it is necessa ry  

to take a c lose r  look at the flow system. 

In t h e  flow system analyzed, t he  t i m e  variation of the thermodynamic 

functions is slow compared to  the longest relaxation t ime of the system. 
Therefore ,  the assumption that t h r r m d y n a m i c  local equilibrium exis ts  can 

be made.  

l ibr ium sys tem are the same functions of the local s ta te  var iab les  as  the  

corresponding equilibrium thermodynamic quantit ies.  

specific quantity 4i in an a r b i t r a r y  volume element dV of a nonequilibrium 
system may be defined by the eGuilibrium relation 

In such a sys tem,  the thzrmodynamic quantities for t he  nonequi- 

Therefore ,  the  partial 

The quantit ies being held constant during the differentiation a r e  the  locally 

defined tempera ture  T ,  p r e s s u r e  P, and the m a s s e s  mi of the other NS-1 
species .  

The specific quantity 9, (+ p e r  unit mass) is given in  t e r m s  of the 

par t ia l  specific quantities si by 

N S  

i 

3-5 
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where the relationship between the  mass deiisity p of the  mixture  and the  m 
species  density p. is given by 

NS 1 

pm = pi = L4td  density 

i=l 

( 3 . 8 )  

2 

The specific velocity, q specific enthalpy, h and specific internal  m’ m’ 
energy, e are given by: m 

NS 

and 

i = l  

NS 

i = l  

NS 

(3.10) 

(3.11) 

i=l  

Substituting Eqs. ( 3 . 8 )  and ( 3 . : )  into (3.71, 

,“;S 
- + v a  Pmem - c w i  = 0 ,  8 t  

i=l  

and noting that for a closed system, the total  mass for chemical react ions 

i s  conserved 
NS CGi = 0 ;  
i = l  

Equation(3.7) reduces to  

-L 

__. 8prn t v . p m q m  = 0 .  at 

( 3 . 1 2 )  

(3.13) 

Equation (3.13) is known a s  the  global continuity equation. 

alternatively a s  
It can be writ ten 

A 

+ p m v .  = 0 DPnl - 
Dt 

by means  of the substantial  d.erivative. 

3-6 
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Equations ( 3 . 8 ) . ( 3 . 9 )  and ( 3 . V )  can be rewritten in terms of gaseous 

and particle species as follows: 

Equation (3.8)  
N S  N P  

pm = CPi = P+C P i ;  
1 = 1  j=1  

Equation ( 3 . 9 ) :  

i = l  j=1 

Equation (3 .12) :  

N S  N P ’  E.”. 1 = c = W+C&J = 0 
i = l  j=  1 

(3 .14 )  

(3.15) 

(3 .16 )  

Assuming that reactions of the form A(gas) + B(gas)  __ C(partic1e; + Dfparticle) 

do not contribute significantly to  the system (interchange of phases is negligible 

due to chemical reactions) 

, 

Ea_. ( 3 . 1 6 )  implies that 

N P  
4- = 0 and x- w j  = 0 . 

j =  1 

Substituting Eqs.(3.14) through (3 .17 )  into Eq. ( 3 . 7 )  
0 0 

and rearranging terms yields 

(3.17) 

(3.18) 
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Since the  gaseous  species  and par t ic le  species  do  not interchange phases ,  

both contributions mus t  vanish. Therefore  

2 

g t v . p q  = 0 
and 

(3 .19)  

j= 1 

Equation (3 .19)  is known as the  g a s  continuity equation and is valid when 

applied to  the sys tem of g a s  species .  Equation (3.20) is ~ O W R  as the par t ic le  

continuity equation and is valid when applied t o  the  sys tem of par t ic le  species. 

The spec ies  continuity Eq. (3.6) may be written in a m o r e  convenient 

form by making use of the  gas continuity equation and introducing the  m a s s  

fraction of species i. In general ,  the  mass fraction of species  i may be 

defined as: 

Pi 
prn 

x. = - .  

Substituting Xi into the species  cmtinuity Eq. (3.6) 

expanding the  f i r s t  term 

and applying the vector identity 

(3.21) 

(3 .21a)  
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r e su l t s  in (".:. - 2 ) r m  + V e  p m q i  A) - w = 0 i = 1 , N S  (3.22) 
i t q i e P A ' .  t X i  at Pm 

By limiting the  system to only g a s  phase react ions (no react ions in the par t iculate  

phase) the species  mass fract ion X. may be  redefined as: 
1 

A J 

Assuming all gaseous spec ies  have velocity qi = q ,  Eq. (3.22) becomes 

Applying the gas continuity equation to  the above expression the  second term 

is set equal t o  z e r o  and Eq. (3.24) becomes: 

The fiilal form of Eq. (3.24) is obtained b y  applying substantial  der ivat ive,  
Eq. (3.4) to  yield 

DXi 
p - w. = o i = 1,NS spec ies  continuity (3.25) 

1 equation 

Under the  above assumption that t h e r e  are  no par t ic le  react ions,  Eq. (2.20) 
for each par t ic le  species  j becomes: 

*a- 
8 j t v e p ~ q ~  = 0 j = 1 , N P  par t ic le  continuity (3.26) 

equation +- 
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F o r  steady s ta te  flow p rocesses ,  Eqs.,(3.13),(3.26)and (3.25) become: 

Equation (3.13) 
2 

= 0 global continuity 
equation V ' P m %  

Equation (3.26) 

v p j  <j = o j = ~ , N P  par t ic le  continuity 
equation, and 

Equation (3.25) 

(3.27) 

(3.28) 

-L 

p q ie  VXi - wi = 0 i = l , N S  spec ies  continuity (3.29) 
equation 

3 2 2 Momentum Equation 

The var ious fo rms  of the  global momentum equation for  a chemically 

reacting gas-par t ic le  mixture  are der ived in th i s  section. 

equation derived, in o r d e r  are: 
The fo rms  of t he  

1. Genera l  Global Momentum Equation (3.42) 

2. General  Global Momentum Equation (3.49) 
with par t ic le  drag effects 

state,  inviscid,  no body force  flow 
3. Global Momentum Equation for  s t t ady  (3.50) 

The l inear  momentum of an element of mass m is a vector  quart i ty  
-b 

defined a s  m q  

reference  is given in t e r m s  of momentum as 
The fundamental s ta tement  of Newton's law for an  iner t ia l  m' 

(3.30) 

To der ive  the gene ra l  global momentum equation the two t e r m s  of Eq. 
(3.30) will be analyzed separately.  

3-10 
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The total  force acting on the sys tem may be represented  as the  s u m  
of the  sur face  fo rce  distributions (force distributions acting on the  boundary 

of t he  system) and body fL,rce distributions (force distributions acting on the  

ma te r i a l  inside the system) as follows: 

NS 
"F = f z*:dSS/ p i < d V  ( 3 . 3 1 )  

S v 1=1 

The su r face  force term may be converted into a volume integral  by applying 

G a u s s '  theorem, Eq. ( 3 . 2 ) .  Therefore ,  

- 
The sur face  stress t enso r ,  ;may be writ ten in the form: 

and 

Substituting Eq. ( 3 . 3 4 )  into E q . ( 3 . 3 2 ) ,  t h e  total  force  acting on the  system 

may be written in  the form 

o r ,  upon combining t e r m s  

( 3 . 3 2 )  

( 3 . 3 3 )  

( 3 . 3 4 )  

(3 .35 :  

3 - 1 1  
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2 
The momentum term m q in Eq.(3.30) may be rewri t ten in the m m  

form 

f r o m  which t h e  substantial  der ivat ive can then be writ ten 

(3.36) 

Applying Reynold's t r anspor t  t heo rem Eq. (3.3) to Eq. (3.36) 

rear ranging t e r m s  

- L A  
NS NS 

A 

-b  D q ) = j '  1% c Pi Gi + v  Pi qi qi\ dV ; (3 .37)  Dt m m  
i=l  i= l  V 

l 

and rewrit ing the r e su l t s  in terms of the gaseous and par t ic le  species r e su l t s  

in : 

o r  

3-12 
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Substituting Eqs. ( 3 . 3 5 )  and ( 3 . 3 8 )  into Eq. (3 .30 : ,  dropping the integral  notation 

and rearranging the  terms yields 

Expanding the  first two terms of Eq. ( 3 . 3 9 )  

and then applying the g a s  continuity Eq. ( 3 . 1 9 1  

at  

t o  the  resu l t s ,  yields 

( 3 . 4 0 )  

The th i rd  term of E q . ( 3 . 3 9 )  may be rriacipulated in a like manner using the  

par t ic le  continuity By.( 3 . 2 6 )  to yield: 

\ 

Substituting E q s . ( 3 . 4 0 )  and ( 3 . 4 1 )  back into E q . ( 3 . 3 9 )  r e su l t s  in: 

N P  NS 

i = l  

o r  in t e r m s  of the substantial derivative,  E q .  ( 3 . 4 ) ,  

j= 1 i = l  

( 3 . 4 1 )  

( 3 . 4 2 )  

' 3-13 
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Equation (3 .42 )  is the genera l  global momentum equation. In th i s  equation, 

the five t e r m s  a r e ,  respectively: (1) the non-stationary and convective r a t e  

of change of momentum per  unit volume of the gaseous species;  (2) the non- 

stationary and convective r a t e  of change of momentum per  unit volume of the 

par t ic le  species;  (3) the net hydrostatic p r e s s u r e  force;  (4) the  viscous s t r e s s  

force acting on thz surface of the unit volume; and (5) tne body forces  per  unit 

volume. 

Since it i s  assumed that all forces  a r e  negligible, except that of the  

p r e s s u r e  of the gas  and the par t ic le  drag ,  the only force exerted on the 

par t ic le  is a drag fo rce  DJ caused by the relat ive motion between the g a s  

and the par t ic le .  

2. 

f 
Figure 3-2 i l lust rates  a spherical  par t ic le  in a gas  flow field. 

i i 

Fig. 3-2 - Particle\  Momentum and Heat Transfer  Model 

To de termine  the effects of par t ic le  drag on the global momentum 
A. 

equation, Newton's Second Law is applied to the drag forces  D: acting on 

par t ic le  species  j.  

3-14 
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o r  rewri t ten in terms of par t ic le  density 

In genera l ,  the  drag force  on a spher ica l  par t ic le  m a y  be writ ten in the  form: 

where 

Equating the two expressions for particle drag 

and rearranging t e r m s  yields: 

(3.43) 

Therefore ,  

( 3 . 4 4 )  

(3.45) 

Equation(3.44) can be simplified by referencing t o  the Stokes flow reg ime 

(Reynolds number is less t. .il 1) in the following manner .  

Define 4 
j 'D 

C f =  

DStokes 

where  
24 - -  - R e ,  Nu = 2 .  
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Substituting Eq. (3.45) into Eq.(3.44) and defining the parameter 

the  momentum balance becomes 

(3.46) 

(3 .47 )  

Expanding the substuritial der ivat ive by means  of Eq.(3.4), Eq.(3.47) becomes 

( 3 . 4 8 )  

Substituting Eq. (3.47) into the gene ra l  global momentum equation r e s u l t s  in: 

(3.49) 

Equation (3.49) is the  genera l  global momentum equation with par t ic le  drag 

effects. 

For  the case  in which the  flow may be descr ibed  as steady s ta te ,  inviscid 

and no body fo rces  present  Eq.(3.49) becomes: 

(3.50) 
j=l  

We note at this point that  chemical  react ions do  not a l t e r  the forms  of the  

global continuity equation o r  equations of motion. 

Equation (3.50) will be expanded now fo r  l a t e r  use  in the derivation of 
A 

the energy equation. F o r  an a r b i t r a r y  vector A the  following identity exis ts  
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Applving this  ident'.ty t o  the first term in Eq. (3.50) 

substituting the  resu l t s  back into Eq. (3 .50 )  

and rear ranging  t e r m s  yields 

N P  
1 A -  2 d l  j j  V P  

P 
2 G(q . q) = q x(" xq) - p x p A A$ - - 

j = l  

3.2.3 Energy Equation 

The var ious  forms of the x e r g y  equation for  a chernically reacting 

gas-par t ic le  mixture  a re  der ived in this  section. 

derived are: 

The  f o r m s  of Lhe equation 

1. 

2. 
3 .  

4. 

General  Global Energy Equation Neglecting the  Effects  of 
Radiation 

Genera l  Pa r t i c l e  Energy  Balance Equation 

Genera l  Global Znergy Equation w i t h  Radiation Effects 
G i o h i l  Energy Equation with Radiation Effects for Tlow 
Described a s  Steady State ,  i ldiabatic.  I n v i s c i d ,  and N o  
Body F o r c e s  Present .  

( 3  :741 

The most genera l  form of the  energy equation, according to the f i r s t  law of 

thermodynamics or the  law of conservation 

- DE -dQ +dW 
Dt dt d i  

of energy can be w ~ i t i e n  as 

= o  (3.53) 

1 - 1 7  
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The energy E in t h e  coctrol  volume may be writ ten in terms of the species  

present  as 
N S  

E = I x p i e i d V ;  

where 
qf Qi 

e. = ii t- t - Z i  i = l , N S  
1 gc  

i. = internal  energy of species i per unit m a s s  

2 

2 

1 

qi - = kinetic energy of species  i per unit mass 

Qi - Z. 
gc  

= potential energy of species i per unit mass. 

The substantial derivative can then be  writ ten 

NS DE - Dt - - D t  f x p i e i d V ;  

and expanded by applying Eq.(3.3) t o  yield 

2 
NS N S  

= { $ x p i e i d V +  f V * x p i e i q i d V .  

V i= 1 v i=l  

( 3 . 5 4 )  

( 3 . 5 5 )  

Recalling that the total  force acting on the control volume accqrding t o  Eq. 

( 3 . 3 1 )  is 

and applying the definition for the r a t e  a t  which work is performed on o r  by 
the  control volume dW’jdt = -4 F, 

2 
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d 1 E Gi pi f i  dV q o a ~ n d S -  
- L = A  d W  

dt 
s v i=l  

The surface integral  may be converted into a volumt. integral  by applying 
Gauss' theorem, Eq.(3.2). Therefore ,  

- -  dW - - /V * (Go<) dV 
dt 

V i=l  

- 
Recalling the  definition of the  surface s t r e s s  tensor a ,  Eq. (3.33) 

and taking the  dot product 

the  first volume integral  in the  above equation may be -.rritten as 

- I - L  SI7 * ( -  PGt; o q )  d V .  
V 

Substituting Eq.(3.56) back into the expression for dW/dt 

combining integrals  

and expanding terms yields 

3-1 9 
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The rate at which heat is t r ans fe r r ed  to o r  f rom the  control volume may be 

writ ten in the  forrn 

d Q =  
dt 

or in terms of a volume integral  by 

f C * r d S ,  

applying Gauss '  theorem, Eq.(2.2) 

f V + " a d V ,  (3.58) 

where is the  conduction heat flux vector-  

Substituting Eqs.(3.55),(3.57) and(3.58) into Eq.(3.53) and dropping the  

integral  notation r e su l t s  in 

a 
J NS 

.L 
NS - ~ p i e i t V * ~ p i e i q i - V * Q t V * P ~ - v ~ ( ~ . i i )  8 - c G i * p i f i  = O .  (3.59) 

B t  
i=l i=l i=l 

Equation (3.59) is the  genera l  global energy equation neglecting the  effects of 

radiation. This  equation is based on a unit volume. The six terms are, re- 
spectively: (1) and (2) the to ta l  rate of i nc rease  of internal ,  kinetic and potential 
energy caused by local  and convective changes; (3) t he  heat conducted to  o r  

from the  control volume; (4) and (5 )  t he  work done on the  fluid element due t o  

sur face  forces;  and (6) t h e  work done on the  element by the body forces. 

In deriving Eq.(3.59), all that has  been neglected is the  energy trans- 
fe r r ed  due t o  radiation, which if necessary ,  can be added t o  the  equation as 
an extra t e rm.  Radiation effects will be determined later in this  section. 

The microscopic  quantum effects (interchange of energy and maas) are 
not considered in Eq.(3.59) as it has  been implied by the  c lass ica l  f i r s t  law 

of thermodynamics.  

and writ ten in terms of t h e  gaseous and par t ic le  species present .  

The genera l  global energy equation will now be expanded 
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Recall that 2 

et = ii t - qi +I i = 1,NS. 
L 2 gc 'i (3.54) 

If the potential energy term is combined with the body force term, Eq. (3.510) 

m a y  be rewritten in the form 
2 

e. = i. +- 
I 1 2  

i = l,NS (3.60) 
Qi 

Defining the specific enthalpy of species i as 

hi = ii t - pi 
Pi 

i = 1,NS 

where Pi = partial pressure of species i 

and combining Eqs .( 3.60) and (3.61) yields 
2 

pi qi 
+2 Pi 

e. = hi - - 
1 

Next, define the total enthalpy per unit mass of species i as 

Hi = h. t- . 1 2  

(3.61) 

(3.62) 

Therefore, the expression for ei becomes 

pi 

Pi 
e. = Hi -- . 
1 

Substituting the expression for ei into Eq.(3.59) results in 

NS 

8t i= 1 i=l 1 ( I  i=l 

- -L 
NS NS 

pi($ - 2) t V p. H. - - qi - V Q +V PG- V (7 5 - 8. piri = 0 
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The p r e s s u r e  P may be expressed as the  sum of t he  partial p r e s s u r e s  as 

NS follows 

P = CPi. (3.63) 
i=l 

Substituting Eq.(3.63) into Eq. (3.62a) 

NS NS NS 

i=l i=l i=l 

8 t V * c p .  1 1  Hi - V Z P .  i i  - V  *'a ~i C pi Hi -= 
- - L  NS A -L 

t v * P ; - v * ( F . q )  - c q i * p i f i  = 0 

i=1 

and ncLing that  
NS 4 a 

V . C q i P i  = V * P q ,  

i=l  

t he  above equation becornes 

-L 
NS 

= A  
NS NS 

8 xcpi Hi - g t v  *E p. 1 1  d Hi - V - 8  - V (7 q) - Gi pi fi = 0 (3.64) 
i=l i=l i=l 

F r o m  the  assumption that  thermodynamic loca l  equilibrium exists, the  follow- 

ing expressions may be writ ten in terms of the  gaseous and particle species: 

NS N P  

j=1  i=l 

= p H t x p j H j  Pi Hi (3.65) 

i=l j = l  

Substituting Eqs.(3.65) and (3.66) into Eq. (3.64) 

NS 
-L - CG* pi fi = 0 ,  

. -  
i= l  
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and rearranging terms yields 

j= 1 

where 

NS, -L -. tC q i o  pi fi t V  0Q; 
i=l 

H = h t q2/2 

2 
Hj = hj t (qj) /2 . 

(3.67) 

Ekpanding the first two terms of Eq. (3.67) 

p ~ t H ~ t p ~ o V H t H V ~ p ~ ,  aH 

and rearranging terms yields 

Recalling the gas continuity Eq. (3 .19)  

-L 

!J+tv.pq = o ,  

and applying the definition of the substantial derivati-re i; the first term in 
the above expression 

F t G o V H  = ~ ) t ,  DH 

the first two terms of Eq. (3 .67 )  reduce to 

(3.68) 

(3.69) 

(3.70) 
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The third term of Eq.(3.67) may be manipulated in a like manner. 
Expanding 

and rearranging terms y ie lds  

Recalling the particle continuity Eq. (3.26) 

and applying the definition of the substantial derivative to the first term in 

the above expression 

-+gmVHJ aHJ = x, P H j  
a t  

the third term of Eq.(3.67) reduces to  

(3.71) 

Substituting Eqs.(3.70) and (3.71) into Eq.(3.67) result6 in 

Recall that 
j (sj12 

d = h +  . (3.69) 
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Therefore ,  

or. 

DHj Dhj 3.d 
Dt' - = F + q  Dt ( 3 . 7 3 )  

Substituting Eq. (3 .73 )  into Eq. ( 3 . 7 2 )  results in 

NS 

j = l  i=l 

Equation ( 3 . 7 4 )  is the  genera l  global energy equation writ ten in t e r m s  of the 

gaseous and par t ic le  species .  

To determine  the effect of particle/gas conduction and radiation, the  

particle energy balance for  the  f h  par t ic le  is writ ten as follows: 

k Nj 
K j  = - = par t ic le  heat t r ans fe r  

2rJ  film coefficient. 

where 

( 3 . 7 6 )  U 

Defining the Nusselt number parameter  

where 
= 2 ;  (N u)St oke s 

( 3 . 7 7 )  

( 3 . 7 8 )  
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tho  particle heat transfer film coefficient may be rewri t ten as 

Fur the rmore  the  heat quantity of the  particle is defined as 

Differentiating Eq. (3.80) 

(3.79) 

(3.80) 

rear ranging terms 

- -  3 D Q ~  
3 x 8  

Dhj - 
j j  4r m ( r )  

Dt 

and substituting the  a5ove r e su l t s ,  with the expression for  KJ back into Eq.(3.75), 

the  par t ic ie  energy balance equation becomes 

Solving for Dh’/Dt in the  above equation 

and recal l ins  Eq. (3.46) 

(3.81) 

(3.46) 

t he  equation fo r  Dh j /Dt may be writ ten as 
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Equation (3.82) m a y  be simplified by letting 

Therefore ,  

(3.83) 

(3.84) 

This is the genera l  par t ic le  energy balance equation. 
par t ic le  depends upon i t s  s ta te ,  where the  s ta te  may be a liquid, a liquid in t h e  

p rocess  of solidifying, o r  a solid. 

particle enthalpy by the  equation of state T j  = f(hj) ,  tabulated. 

The tempera ture  of the  

The tempera ture  is uniquely re la ted  t o  the 

Substituting Eqs.  (3.47)and (3.84) into the  genera l  global energy Eq. (3.74) 

yields 

This is the genera l  global energy equation with radiation effects. 

Expanding the first t e r m  of the above equation 

and applying the definition for  total  specific enthalpy 

2 

2 
H = h t e ;  

the f i r s t  term becomes 

(3.85) 
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Recalling the  momentum balance relationship 

(3.52) 

and substituting it into the  above equation yields 

N P  

j = l  
p s  = p g  tp;.(vh - ~ ) + p 9 0 [ ~ x  ( b x z ]  - T o  x p j A j A 2 .  (3.86) 

This expression may be fur ther  simplified by noting that for an a r b i t r a r y  

vector A the  following identity exists:  
4 

-L 

A . [ X X ( V X X ) ]  = 0. 

Applying the  above identity to  Eq. (3.86) 

(3.86a) 

and substituting the  resu l t  back into Eq.(3.85) yields 

NP  1 
NP 

- V P  -1 -9 a .E p j  A j  & +E - f p j  Aj  c j  ( T j  - T) 
P 

aH t p ;  .(Vh p,, 
j=  1 j=1  

NS 

i=l  

For  the  case  in which the  flow may be descr ibed as s teady s ta te ,  
adiabatic,  inviscid and no body forces  present  the above equation becomes; 
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This equation can be reduced t a simpler form by letting 

Therefore ,  the global energy equation becomes 

(3.87) 

To expand the  term in parenthesis  in the above equation, it is necessa ry  to 

examine the  fundamental thermodynamic relationship for  a sys tem m which 

chemical reacc..ons are occurr ing.  

3.3 GASEOUS THERMODYNAMIC RELATIONS 

Assumption 4 given in Section 3.1 s t a t e s  that the gas  obeys the perfect  

g a s  law and is in chemical equilibrium, nonequilibrium o r  is chemically 

frozen. A chemically frozen g a s  is one in which the  g a s  s tops reacting at 
a given species  concentration so that the molecular  weight along a s t r e a m -  

l ine remains  at  a fixed value and the r a t io  of specif ic  heats  is a function of 

tempera ture  only. However, f o r  t h e  chemically reacting case the local  

chemical species  concentrations will change in accordance with type of 

chemistry assumption considered for a respect ive analysis .  

In the  high-temperature  low-velocity regions of the flow field, an equi- 
l ibr ium chemistry calculation f o r  the gas  phase is a good assumption. Local 

res idence t imes  of the flow a r e  sufficiently long for a l l  chemical react ions to  

proceed t o  completion. However, a s  the flow acce le ra t e s  through the nozzle 

and exhaust plume the  local  flow residence t ime  becomes less than that re- 
quired for the chemical react ions to  reach completion. 

f rom the chemical  equilibrium conditions occur and ult imately the flowfield 

chemistry usuaiiy spproaches a f rozen condition. This  calculatiorl is t r ea t ed  

best by including the kinetics in t he  gasdynamic calculation, thereby avoiding 

the  problem of choosing ei ther  an equilibrium o r  frozen chemical analysis .  

Significant deviations 
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The development of the gas  thermodynamic relations and the c o r r e -  

sponding contribution to  the gasdynamic relations will consider  the chemical  

kinetics. Appendix C addres ses  the  equilibrium chemis t r?  analysis  fo r  gas-  

par t ic le  flows. Appendix E d i scusses  the nonequilibrium chemis t ry  analysis .  

Finally,  a summary  of the applicable equations for  chemical  nonequilibrium 

and chemical  equilibrium flow is presented in Section 4.2.3.  

Consider only the gas phase portion of t he  flow system in which t h e r e  

are NS-NP different species  present .  If the mass fraction of each species  i 

is constant, the specific enthalpy, h, of the gas  depends only on specific entropy, 

3, and p r e s s u r e ,  P. However, for  a var iable  composition 

h 

and thus the  total  differential of h is 

In this  expression the  subecript  Xi implies  that the mass fractions of a l l  

species  are constant during the variation in question. On the other  hand, 

the  las t  t e r m  in the  equation is a sum of part ia ls  in each of which the S and 

P a r e  constant, together with all but one of the mass fractions.  

F o r  constant mass fractions the  total  differential of h may be writ ten 

as 

dh = T d S t ' d P .  
P 

Therefore ,  

1 
P 

- -  - = T and - ah 

By defining the  chemical potential pi a8 
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the  fundamental thermodynamic relationship for  a sys tem in which chemical 

reactions a r e  occurring may be writ ten in the form 

NS -N P 
dh = T d S t d P i -  Pidxi 

P 
i = l  

The above equation may be rewri t ten as 
NS-NP 

i= 1 

Since the  p r e s s u r e  is a function of the  gas s t a t e  var iables  (p, LS; 

the  expression for  V P  may be viritten 

V P  = (g)s VP t(=b ap vs. 

Noting that 

and, 

a 2 E ( g L  

Bridgeman's  Equation P 

P 

where a, c and R are local thermodynamic equilibrium proper t ies ,  VP 
becomes 

P 

vs. V P  = a vp tyTR 2 

P 

Rearranging t e r m s  in the  above expression 

(3 .88)  

(3.89) 

(3.90) 

(3 .91)  

(3 .92)  

(3 .93)  
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and utilizing the equatim of state for an ideal gas 

P = p R T ,  

Eq. ( 3 . 9 3 )  becomes: 

2 vs = (cp,TR)mP-a L V P ) .  

Multiplying through by T 

and rearranging terms yields 

( 3 . 9 4 )  

( 3 . 3 5 )  

( 3 . 9 6 )  

( 3 . 9 7 )  

Substituting E q . ( 3 . 9 7 )  into E q . ( 3 . 8 9 )  results in 

NS-NP 
V h - E  P =(g-l)pf a2VD)+ 3 P;xi  * ( 3 . 9 8 )  

i= l  

Since particle sk cies are nDt considered in the chemical reactions, the 
sunmation term upper limit may be defined as 

NG = NS-NP ( 3 . 9 9 )  

where NG = number of gas species present. 

Equation ( 3 . 9 8 )  then becomes 

( 3 . 1 0 0 )  
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Sutsti tuting Eq.(3.100) into the global energy &q.(3.87) 

and expanding the  dot product r e su l t s  in 

Equation (3.101) is the  expanded form of t he  global energy equation for flow 

descr ibed as steady s ta te ,  adiabatic,  inviscid and no body fo rces  present .  

Dividing through by (c - 1) yields d” 

Recalling the species continuity equation 

DX. 
1 = w. i = 1 , N S  , P D ,  1 

a d  letting, 

and 

B j 4 =’-  
P 

the final form of Eq. (3.102) becomes 

A 

q . VP - 2; . vp t 9, - 

i = I  

(3.25) 

(3.103) 

(3.104) 

(3 .105)  
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3.4 SUMMARY OF THE GOVERNING EQUATIONS FOR S T W ' f ,  ADIABATIC, 
NONEQUILIBRIUM FLOWS OF REACTING GAS-PARTICLE MIXTURES 
WITHOUT TRANSPORT OR B O Y  FORCE EFFECTS 

The s y s t e m  of basic  governing equations f o r  any reacting flaw field have 

now been derived. When the  react ions between components of the  g a s  mixture  

are known and the  boundary conditions adequately specified, one should be ab le  

t o  solve the  nonequilibrium flow system. 

The pertinent equations der ived in th i s  section are summarized as 
follow s: 

Continuity equation for  steady s t a t e  flow 

v g p ;  = 0 

V . P  j - j  9 = 0 ~ = I , N P  particle continuity equation 

p q. VXi  - ii = 0 species continuity equation 

g a s  continuity equation 

-L 

i = 1,NS 

Momentum equation for steady s ta te ,  inviscid flow with no body forces 

p < . vc +y pj A j  A$ + OP = 0 global (gas  + part ic le)  momentum 
N P  

j=1 rr equation 

where  

(3.19) 

(3.26) 

(3.25) 

(3.50) 

(3.46) 

pj?. 03 - pj AjV? = 0 j = l,NP particle momentum pquation (3.47) 

Energy equation for steady s ta te ,  inviscid flow, with no body forces  and no heat 

less f rom the gas-par t ic le  sys tem 

NP 
(3.105) 

-L 2-' 
q V P  - a q 0 Vp - 7 pj A j  Bif 4, = 0 global energy equation Fl 

3-34 

LOCKHEED - HUNTSVILLE RESEARCH 6 ENGINEERING CENTER 



LMSC-mEC TR D867400-I 

where 

and 

(3.43) 

(3.83) 
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4 -  THE METHOD OF CHARACTERISTICS SOLUTION 

The set of equations summar ized  in Section 3.4 are applicable for  flow 

calculations in both the  subsonic and supersonic  reg imes .  

equations revea ls  that a closed form solution is not possible,  thus necessitating 

a numer ica l  solction t o  obtain the  flowfield proper t ies .  

numer ica l  solution i s  governed by the  application and the flow rcg ime of 

in te res t  . 

mamina t ion  of the 

The choice of the  

The cu r ren t  study a d d r e s s e s  the  nozzle-plume flowfield where the flow 

is everywhere supersonic  except for those  regions in the immediate  vicinity 

downstream of a normal  shock. Treatment  of these  regions arc considered 
beyond the scope of t h i s  study, thus reducing the  problem to one of analyzing 

a supersonic flowfield. 

cha rac t e r i s t i c s  provides a reliable method fo r  numerical ly  solving the  

set of governing equations. The method is charac te r ized  by rapid convergence 

of the  numer ica l  solution and has been shown t o  be unconditionally stable.  This  

method is the  one chosen for the cu r ren t  study. 

F o r  supersonic flow applications the  method-of - 

A number of invest igators  (Refs .  8 , 9  and 10) have develcped s o l u t i o n s  

employing the method-of-character is t ics .  

rt:lations are t ransformed t o  a set of differential  equations which apply along 
the charac te r i s t ic  direct ions.  Prozan ( R e f .  16) develo2ed a nozzle-plume: 

solution which includes g a s  thermochemis t ry  considerations.  Kliegel (Ref. 9 )  

and Hotfman (Ref.  8)  extended the method-of-character is t ics  t o  include the  

t rea tment  of gas-par t ic le  flows. 

Prozan  in the t rea tment  of the  g a s  equilibrium thermochemis t ry  cons idera-  

t ions  ana that of Thoenes,  etc., (Ref.  39) for  chemical  kinetics'. These  con- 

s iderat ions have been combined with the coupled gas-particle. solution as 

formulated by Kliegel. 

In "charac te r i s t ic  form" the  

The present  study followed the work of 
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The original formulation by Proean utilized the enthalpy-entropy- 
- I .  velocitv fo rm of the <rornpt;hillt;~ ~q . rz t i l r z~ ,  i . ~ . ,  k Z ~ ~ ~ i i d ~ u L  

the  velocity, total  enthalpy and entropy. 

chemistry calculations could be uncoupled f rom the  gasdynamic solution. 

Consequently the  thermodynamics w e r e  calculated in terms of the  independent 

variables,  V, H, S and re t r ieved  via interpolation f rom tables  as needed by the  

charac te r i s t ic  solution. The routines became an integral  part of the  stream- 
l ine  normal  code developed by Ruo (Ref. 17) f rom which t h e  R A M P  code evolved. 

Consequently the  V, H, S f o r m  is used in &‘?e present analysis  for chemical 

equilibrium calculations. However, when kinetics o r  t ransi t ion between the  

continuum or  non-continuum flow is t o  be t rea ted ,  use  of the  pressure-densi ty-  

velocity fo rm of compatibility equations i s  m o r e  appropriate .  
development of both fo rms  is given in the  following sections.  

~ ~ U L C L I  pit! 

Proean showed that  t he  thermo-  

Therefore  

4.1 DEVELOPMENT OF THE CHARACTERISTIC CURVES 

The governing flow equations summar ized  in Section 3 . 4  may be writ ten 

in the  following expanded two-Gimensional (or axisymmetric) form: 

Continuity equation for steady s ta te ,  par t ic le  spec ies  not consideTed in the  

chemical react ions 

( 3 . 1 9 )  

( 3 . 2 6 )  

(3 .25 )  

= o  

Momentum equation for steady s ta te ,  inviscid flow, with no body forces  

N P  
( 3 . 5 0 )  p u u x t p v u  t P x t ~ p j A j ( u - u j )  = 0 

Y 
j= 1 

4- 2 
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N P  

(3.47) 

-.- 
nrrv + p v v  t P  t Y p A  j j  ( v - v j )  = 0 
’- x Y Y -  

j =  1 
(4.5)  

Energy equation for steady s ta te .  inviscid flow, with no body forces  and no 

heat loss from the  gas-par t ic le  sys tem 

j j j  
N P  (2 105) u P x t v P  - a u p x  2 - a ~ p ~ - ~ p A B ~ t + ~  2 = 0 

Y 
j- 1 

(4.8) 

The corresponding coordinate sys tem used in th i s  analysis  is presented 

in Fig. 4-1. 

I- -I 
Fig. 4-1 - Coordinate Syatem Used in the  Development of the  Charac te r i s t ic  

and Compatibility Equations 
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To minimize the  amount of "bookkeeping" that would be requi red  in the 

development of the charac te r i s t ic  equations t h e  governing flow Eqs. (4.1) 

through (4.9)will be written in the following genera l  form 

where: 

N = 4  t 4 N P t N G  
4n r ep resen t s  the  dependent var iables  u, v,  P, p, uj, vj, pj, hj  and X .  

a and bmn are coefficients. 
1 

Inn 

If we let 

6, = u  
6 2  = v  
4 , = p  
4 4 = P  
'4j+l uj j = I , N P  

= J  j = ~ , N P  
44j+3 = p  j j = 1 , N P  

44j+4 = h j  j = 1 , N P  

$ 4  t 4 N P t i  = 'i 

4 j t2  

i = 1,NC; 

(4.11) 

equation (4.10) can be rewri t ten as 

1 1 1 1 
+ am4 px bm4 py arnS "x brn5 uy ' am6 vx ' brn6 vy 

(4.12) 
1 1 h l + b  h t .  1 .. 

+arn7Pxtbrn'7Pytarn8 x m8 y 

N 
4 t 4 N P t i  o r )  ix b m , 4 + 4 N P + i  t E., f o r m  = 1 , N  

n = l  
4- 4 
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W e  then have N independent, l inear nonhomogeneous eqt iat in~~s  u ~ i t t e n  Lii N 
unknown derivatives. The N linear equations for L may be combined to  
form a single differential operator b y  employing arb i t ra ry  multipliers and 
summing. Thus, 

m 

N L=C UmLm = 0 
m=l 

where am = arbitrar;. multipliers. 

Assuming that the following relation holds, 

* = b (T for n = l , N  andm = 1 , N ;  mn Dm d~ m n m  a 

(4.13) 

(4.14) 

Eq. (4.13) can be rewritten in t h e  form of an ordinary differential equation. 
Substitution of Eqs.(4.10) and (4.14) into Eq.(4.13) yields 

m=l 

and finally, 

N 
L = (omam d4, t C m o m d x )  = 0 n = 1 , N .  (4.15) 

m= 1 

Equation (4.15) is the generalized compatibility equation and is valid i f  and 

only i f  Eq. ( 4 . 1 4 ) i s  true.  

Equation (4 .14)may be rewritten in the form 

(4.16) 

4- 5 

LOCKHEED - HUNTSVILLE RESEARCH 6 ENGINEERING CL:JTER 



If Eq. (4.16)has a solution other than trivial ,  i.e., all a, = 0, then the 
determinant of the coefficients of om must be zero.  Therefore: 

= 0 n = l,N and m = 1 ,N  I D = I a m n g - b  (4.17) 

The equation D = 0 is called the character is t ic  equation for the system of 

equations (4.16). On expanding the determinant, it is seen that Eq. (4.17) 

is an algebraic equation of degree N and thus has  N real roots. 

roots are called the character is t ic  roots. 

These 

To analyze the determinant D, begin by substituting Eqs. (4.11, (4.41, 
(4.5)and (4.8) into Eq. (4.121,and putting t h e  resul ts  into a mat r ix  of the 

form: 

This yields 

and 

c1 = bpv 
Y 

j= 1 

(4.18) 

(4.19) 

(4.20) 
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N P  
= p j j  A ( v - v j )  

j= 1 
c? 

(4.20) 
Cont. 'd 

j =  1 

Next,  substituting Eqs. ( 4 . 2 1 ,  ( 4 . 6 1 ,  (4.7) and (4.9) i n t ?  Eq. ( 4 . 1 2 )  w i t h  j = 1 

( f o r  t h e  f i r s t  p a r t i c l e )  and p u t t i n g  t h e  results i n t o  a matrix of t h e  form of (3.18) 

yields 

and 
- adv '  

c5 - Y 
1 1  1 Cg = -PA ( u - u  ) 

1 1  1 C 7  = - ~ A ( v - v )  
1 1  

c g  = PJ1, 

where  

(4.21) 

(4.22) 

(4.23) 

Repeating for each particle, j ,  and generalizing yields 
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and 

Substituting Eq.(4.3) into Eq. (4.12) 

1 = 0 if m \ n  n = 4 t 4 N P t i  

= pu if m = n  
= 0 if m \ n  

= pv if m = n  

m ,  444NPti  

bm, 4t4NPt i  

a 

i = 1,NC; 4HNPti  = - w* C 
1 

and rewriting in the matrix form of (4.18)yields 

(4 .25)  

(4 .26 )  

(4 .27)  

(4.28) 

If all of the coefficients of Eq. (4 .12 )  were put into a single matrix of the form: 

 ai^* b i ~  b l l  12’ 1.‘ * * 
a b  

a21’ b2: 

A =  

I aNl:&l . . . 0 . . . . . a ~ ~ i  %N 

4- 8 
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D =  

where 

N = 4 t 4 N P t N G ;  

' D l  

0 

0 

0 

0 

0 

0 

0 

the result would b e  the diagonal matrix 

0 

A t  

0 

0 

0 

0 

0 

3 

0 . . . .  0 . . . .  
0 . . . .  0 . I . .  

A;. . . . 0 . .  . . 
0 . I . .  0 . . . .  
0 . .  . . h i . . . .  

0 . . . .  0 . . . .  
0 . . . .  0 . . . .  
0 . . . .  0 . . . .  

0 0  

0 0  

0 0  

0 0  

0 0  

0 0  

A Y P  O 

O a3 

( 4 . 3 0 )  

Examining matrix (6.201, from which the coefficients a and bmn for 
determinant D will come, it can be seen that D will have the same form as 
matrix ( 4 . 3 0 ) .  That is: 

TILn 

where 

0 

4 
0 

0 

0 

0 

0 

0 

0 . . . .  0 . . . .  0 0 

o . . . .  0 . . . .  0 0 

0 . . . .  0 . . . .  0 0 

O....Di.... 0 0 

0 . . . .  0 . . . .  0 0 

0 . . . .  o . . .  . D y p  0 

D 3  0 o . . . .  0 

iij!l obtains its elements from al  
IDz\ from X2, etc. 1 1 
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ID11 = 

For purposes of simplification, let: 

PY' -P 0 S 
PS 0 Y '  0 
0 ps - 1  L' 

S -a% - I  I 0 0 

Substituting the coefficients from matrix (4.19:  into matrix ( 4 . 1 7 )  and using 
Eq. (4.32)results in 

PY' 0 s 
ps y '  0 
0 s -a2S 

( 4 . 3 2 )  

+ (-1) 

Matrix ( 4 . 3 3 ) m a y  be rewritten in the form 

4 
i t j  

= dij (-1) N i j  , 
j= l  

( 4 . 3 3 )  

where 
d = elemerts of D1 

N i j  = the minor of dij . 
i j  

and 

Utilizing Eq. (4.34)and letting i = 3, Eq. (4.33)becomes 

( 4 . 3 4 )  

PY' -P s 
ps 0 0 

2 0 0 - a S  
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performing the necessary matrix algebra 

~ D , I  = - p ~  [-pa2 s ( y # l 2  t p s 3 ]  - 1  (-p 2 2 2  a s ; 

and combining terms yields 

1 ~ ~ 1  = p2 SI " p 2 (y')2 -s2 + a21 . 

Substituting the expressions for S and y '  from Eqs. (4 .32)  

expanding 

and recombining terms yields the final iorm of D . I 11 

The same procedure is applied to  matrix (4 .24) .  Substituting the coefficiei 
from matrix (4 .24) in to  matr ix  (4.1-7:and using Eqs.(4.32) resul ts  in 

Utilising Eq. (4.34)and letting i = 2, Eq.(4.36) becomes 

(4.36) 

4- 11 
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Expanding terms, periorming the necessary matrix algebra 

and combining terms yield 

Substituting the expression fo? Sj from Eq.(4.32)  yields the final form of ID11 

(4.37) 

Finally, the same procedure is applied to matrix (4 .28) .  Substituting the 

coefficients from matrix (4.28) into matrix (4.17)and using Eq. (4.32) results 

in 

Ips 0 . . .  0 I 

Sutztituting the expression for S from 74. (4.32) yields 

(4 .38)  

Fince the Ta t r i ces  lDll t h o u g h  ID31 are the diagonal elements of matrix IDI, 

the characteristic equation for the system of Eq. (4 .16)  can be written as 

4- 12 
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Substituting E%s.(4.35), (4.37) and(4.38)into Eq. (4.39) 

and combining term:. the final forn: of the characteristic equation becomes: 

Realizing that p'f 0 ,  the characteristic roots of Eq.(4.40) a re  determined 
by setting each of the three remaining terms to zero and solving f3r dy/dx. 

Setting the first term to zero 

= o ,  

and solving for dy/dx results in 

S k - x  = tan0 . d x - u  

Setting the fourth term to zero 

and solving for dy/dx results in 

(4 .41)  

(4.42) 

Referring to  Fig. 4-1, Eqs. (4.41) and (4 .42 )  shows that each of the character- 

is*.,cs i s  inclined at an angle tangent to the gas velocity vector and particle 

velocity vectors re--ecfively. 

identical with the 

Thus we see that the characteristics a re  

J streamlines and particle streamline8 of the flow. 

4- 13 
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The final characterist ic root is obtained by setting the second term in Eq. a(4.40) 

t o  zero 

and solving for dy/dx in the following manner: 

Applying the quadratic formula 
2 2  - 2 uv - + + u2 v2 - 4 (a2 - uz) (a - v * -  

d x -  2 2  2 ( a  - u )  
J 

expanding the  terms under the square root 
2 2  4 2 2  2 2  2 2  

- 2 u v + 2 f u  v - a  + a  v + a  u - u  v . 
* =  2 2  J dx 2 ( a  - u )  

dividing through by 2 and combining terms under the square mot 

* -  - uv 2 d a m  
2 2  a - u  d x -  

aad finally moving a4 outside the square root yields 

* -  
2 -  2 a u  d x -  (4.43) 

The first  term in the square root may be simplified by utilizing the defmition 
of the gas  Mach number 

or 

M = q/a 

Substituting Eq. (4.44) into Eq. (4 .43)  yields 

(4 .44)  

( 4 . 4 5 )  

4- 14 
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Referring t o  Fig. 4-1, the following relations may be written: 

u = q cose 

v = q sin9 

a = sin-' (I/M) = sin -1 
(a/q) 

( 4 . 4 6 )  

(4.47) 

( 4 . 4 8 )  

and 
a = q sina 

cota = d 2 - T  
( 4 . 4 9 )  

( 4 . 5 0 )  

Substituting E q s ~ 4 . 4 6 )  through (4 .50)  into Eq. (4.45)  

2 2 2  - q cos0 sine + q  sin a cota 
2 2 2 q (sin a - cos 9) 

& -  
d x -  9 

2 dividing through by q 

-cos6 sin9 t sina cosa 

sin a - cos 0 

- i Y -  
2 2 d x -  P 

yields and multiplying the numerator and denominator by - 1  

& = cos0 sine T' sina cosa 
2 2 cos 9 - sin a dx (4.51) 

To simplify Eq. (4.51) consider the following trigonometric identities: 

sin(9 +a)  = sine cosa 'i case sina , 
cos (9 a) = case cosa T sine sina , 
COS e - sin a = cos@ t a) cos(9 -a) . 2 2 

(4 .52 )  

(4 .53 )  

( 4 . 5 4 )  and 

2 2 

2 2 

sin(e Tal cos(9 +a) = cos a sine case T sin e sina cosa 

t C O S  8 sina cosa .t sin a sine cose 
and combining terms yield 

2 2 sin(0 Ta) cos(9 +a) = (sin a t cos a)  sine case 
t (sin 8 t cos e) sina cosa ; 2 2 - 

4- 15 
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By substituting Eqs.(&.~4) and (4.55) into Eq. (4.51) the final form of dy/dx is 

obtained 
sin(e T a )  cos(e ?a) sin(e T a l  * -  - 

dx - cos(e + a )  C O S ( ~  - a) - cos (9Ta)  * 

o r  

( 4 . 5 6 )  

Referring again to  Fig. 4-1, Eq. (4.56) shows that each of the two char- 
acterist ics is inclined at t h e  Mach angle to the gas  velocity vector. Thus we 

see that the characteristics are identical with the gas Mach lines of the flow. 

In summary, the characterist ics of the flow have been found to  be the 

gas  streamlines, the particle streamlines (one for each particle species) and 

the gas Mach lines. 

4.2 DEVELOPMENT OF THE COMPATIBILITY EQUATIONS FOR GAS- 
PARTICLE FLOWS 

The relationship assumed in Eq. (4.14) 

* = b Q for n = I,N and m = l,N n.==rn dx m n m  a 

is valid along each of the characterist ics.  
t h e  governing flow equations into Eq.(4.14) and knowing the conditions that 
exist along each characteristic, solve for the multipliers, a 
sponding compatibility equations that are valid along each Characteristic a r e  
then derived by substituting the proper multipliers into the general compati- 
bility equation. 
pressure-density-velocity form. This form of the equations is used by the 
RAMP computer program when the finite ra te  chemistry option is utilized. 

In this form, the local temperature may be solved for directly elirdnating 

Therefore, we can now substitute 

The cor re-  m' 

The compatibility equations will be first  derived in the 

4- 16 
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the need for a time consuming iterative solution. 

tions will then be rederi\*ed in the enthalpy-entropy-velocity form. 

form of the equations i s  m e d  by the RAMP computer program when the 
equilibrium and/or frozen chemistry option is utilized. In this form, the 

thermochemical data generated by the TRAN72 computer program may be 

used. 

The compatibility equa- 

This 

4.2.1 Pressure-Density-Velocity Form of the Compatibility Equations 

Substituting the governing flow, 2 % ~ .  (4.l)through (4.9) into Eq. (4.14) 

results in 

for n = 1: 

or  

for n = 2: 

or 
- o l p t p ( u g - v ) 0 3  = 0 

o1 = (u g - v) u, J ; 

k -  o3 t ( u d x  AY - v) u4 = 0 ; 

(u g - v) o1 - a2 (u 2 - v) o4 = 0 ; 

for n = 3: 

O2 dx 

for n = 4: 

for I? = 4j t l :  

= 0 j =  1,NP; 

or 
= 0 j = l , N P ;  % O4 j t l  

5- 17 
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for n = 4jt2: 

or 
= (u  j =  1 , N P  ; a 4 j t l  

for n = 4j+3: 

(4.62) 

(4.63) 

for n = 4jt4: 

(4.64) 

a n d  f inal ly ,  for n = 4 t 4 N P  t i: 

= 0 i = l , N G  - v, O4 t4NPt i  
* P (u & 

or, 
(u 2 04+ILNP+i = 0 i = l , N G .  (4.65) 

Now, subs t i tu t ing  t h e  values of am and Cm from Eqs.(4.19),(4,20),  (4.24), 

(4.25) and (4.28) into the generalized compat ib i l i ty  equation (4.15) yields:  

4- 18 
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NG I 

I i= l  
(4.66) 

(Continued) 

Equation (4.66) is the expanded form of the generalized compatibility 
equation and is used to determine the compatibility equations that are valid 

along each characteristic. 

To determine the compatibility equations that are applied along gas  

streamlines recall  that along gas streamlines 

* - x *  
d x - u  

Therefore, Eq, (4.57) becomes: 

Or 

crl = o .  

Equation (4.59) becomes 

or 

Along a gas  streamline: 

j*-J  # o j = l , N ~ .  u d x  

(4.41) 

(4.57) 

(4.67) 

(4.59) 

(4 .68 )  

4- 19 
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Therefore, Eq. (4.63) becomes: 

( u j t  - v j u4jtl = o j = I , N P  

or 

= 0 j = l , N P .  =4 jd.1 

Similarly, Eq. (4.64) becomes 

= 0 j =  1 ,NP 

or 

Q4j+3 = 0 j = 1 , N P .  

Similarly, Eq. (4.61) yields 

= 0 j = 1 , N P  

or 
=4 j+2 = 0 j = l , N P .  

Substituting Eqs. (4.67)through (4.72) into Eq. (4 .66)  

2 
2 

L = E c3 du t p u  u3 dv t (:us t u  04) d P  t (-a u o 4 )  dp 
V 

NG N P  

( 4 . 6 3 )  

(4 .69)  

( 4 . 6 4 )  

(4.70) 

(4.72) 

( 4 . 7 1 )  

(4.61) 

(4.72) 
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t 

and rearranging terms yields 

'1 I N P  
du t pu dv t p d P  t p (u - uj) t (v - v') dx o3 

(4 .73)  

Since the  remaining mult ipl iers ,  o, are arb i t ra ry ,  their  coefficients must  

be zero.  Therefore,  the coefficient of a3 yields 

or 

Since 

o r  

2 N P  
~ d u t p u d v t ~ d P t ~ p j A j l ~ ( u - u j )  V t ( v - v j ) ] d X  = 0 

j=l 

p u d u t p ~ d v t d P + ~ p j A j [ ( u - u j )  t;(,-J) ' 1  dx = 0 !4.74) 

j=l  

q 2 = u t v ,  2 2 .  

2q dq = 2v du t 2v dv 

q d q  = u d u t v d v .  

Substituting Eq. (4 .75)  into Eq. (4.741, and dividing through by p yields: 

NP - .-  

q d q + p  dP t p pj Aj  [(u - uj) t f (v - v')] dx = 0 . 

(4 .75)  

(4 .76)  

4- 2 1  
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j= 1 
or 

and finally for the coefficient of Q ~ ~ ~ ~ + ~  

E W d x i  -ii ax) = 0 

or 
i=l 

p u U i  - wi dx = 0 i = 1,NG 

(4.77) 

( 4 . 7 8 )  

Equations (4.76), (4.77)and (4.78) a r e  the compatibility equations that 
apply along the gas  streamlines. 

To determine the compatibility equations that apply along Mach lines, 
recall that along each Mach line 

Equation (4.60)may be rewritten in the form: 

Therefor e, 

or  

2 ul - a  o4 = 0 

2 u1 = a u4 . 
Equation ( 4 . 5 7 )  becomes 

=1 % u 2 ( u g - v )  dx = 0 

( 4 . 5 6 )  

( 4 . 6 0 )  

(4.79) 
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Using Eq. ( 4 . 3 2 )  

s = u g - v ;  

the expression for c2 becomes 
2 -a c4 d y / d x  

S az = 

Equation (4 .58)  becomes 

ox 

( 4 . 3 2 )  

( 4 . 8 0 )  

o1 = (u zlr - v) a3 ( 4 . 5 8 )  

Recall that along a Mach line 

Therefore, Eq. (4.63) yields 

Applying Eq. (4.82) to Zq. (4.61) 

= 0 j = l , M P .  
o 4 j t2  

Simit ~ l y ,  Eq. (4.6P)yields 

do = (J p - vj, 04j+3 = o  j = I , N P  

4- 23 
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Equatim (4.64) yields 

= 0 j = l , N P .  O4 j+3 

(US g - v j ) 04j+4 = 0 j = i , N P  

or 
= 0 j = l , N P .  j+4 

Finally, Eq. (4.65)yields 

(u - =44,4NpH = 0 i = 1,NC 

or 
= 0 i = l , N G .  O4t4NPti 

(4.84) 

(4.64) 

(4.85) 

(4 .65)  

(4 .86)  

Substituting Eqs. ( 4 . 7 9 )  through (4 .86)  into Eq. (4.66) 
* P  

pu a a Pu a 2 04 a’* c4 dy/dx 2 

L %  (pa 2 u4 - s  *) dx du t dv t (- t u u4) dP 

j t (u a S );pJAj (u-el) 
a2 u4 dy/dxNP 

j=1 
2 N P  N P  

t - c p  a S =4 j j  A ( ~ - J ) t ~ ~ ~ ~ - C p ’ A ’ B i ) ) d x  = 0 ;  
j=1 j=1 

and rearranging t e r m s  yields 

4- 24 
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Since the multiplier, c4, is arbitrary, the coefficient must be zero. Therefore, 

2 N P  N P  

j=l j=l 
t % c$ A' [(v - J) - (u -uj) 3]dx t 9, dx - $ A' Eli dx = 0 (4.87) 

The coe'ficier-t of du may be rewritten in the form 

(4.88) 
2 

s d x  
m 2 - & L i Y  = pa 

The coefficient of d P  may be rewritten in the form 

2 7 
u- d y / d x  - uv - a dy/& a'* - US - a dy/dx - 2 

S S - U - S *  - 

or 

Recalling that 

a' d~ - (u2 - a2) d y / d x  - uv 
S u - -  sdx - 

finally, 

(4.89) 

(4.90) 

4- 25 
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Substituting JZq. (4.90) into Q. (4.89) yields 

Substituting Eqs.(4.88) and (4.91) into Eq. (4.87) 

d v a  - - a pv du t a pu dv Ta d / d P  + 2 2 2 2 

S S S Y 

(4.91) 

dx 

j i  
2 N P  N P  

j=l j=l 

+ % c $ A j [ ( v - d ) d x -  (u-uj) dy] tJll dx -E $ A  B1 dx = 0 ; (4.92) 

2 d. iding through by a p/S and rearranging terms yields 

udv - v d u T d & y  +(: + 4) 3( S d x  

P a  

NP 
+ l C p j A j  [(v-vj) dx - (u-u i  dy -3  Bi dx] = O \  

P a j=l 

Recall that 

and dy/dx = tan(8Ta) along each Mach line. 

Therefore, S dx may be rewritten in the form 

and upon rearranging ternis 

(4.93) 

(4.46) 

(4.47) 

(4.56) 

4- 26 
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s d x  = dx (cos8 sin(eTa) - sin e cos(eT:ab 1 . ( 4  =w 
COP :e Tal 

To simplify the above equation consider the trigonometric identity: 

sin (cia) + e  = cos0 sin(e +a) - t sine cos(e Tal . I (4 95) 

Therefore, 

or 

d x .  (4.96) - g aina s d x  = t 
cos(e Tal 

From Eqs. (4.46) and !.i.47) above the following expressions can be written: 

and 
dv = q cos0 d0 t sine dq . 

Therefore, the first term in Eq. (4.93) may bz written as 

2 2  2 2  
u dv - v du = q cos 8 de + q dq sine cose t q sin 0 de - q dq sin9 cos9 

o r  
2 2 2 u dv - v du = q de (cos 8 t sin 0) 

and finally, 
2 u d v - v d u  = q de . 

(4.98) 

(4.99) 

Substituting Eqs. (4.961, (4.99) and (4 .50)  into Eq. (4.33) yields the final for% 
of the compatibility equations that apply along Mach lines 

q 2 d e ? c s t a ~ + ( ~ t > ) ~  P 
cos qshz (9 +a) )& 

NP 
t pj A j  ( ( v - v )  j dx - (u-u)]dy 3 -7 S j  B1 dx] = 0 

P.  a j=l  
4- 27 
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Finally, to determine the compatibility equations that apply along the particle 
streamlines recall that along each particle streamline 

or  

and that. 

(4.42) 

We may immediately rewrite Eqs. (4.79), (4.80) and (4.81) which were derived 
for Mach lines. 

Equation (4.79) 

Equation (4.80) 

Equation (4.81) 

2 
a = 4 *  

*2 = -- s d x '  

2 
a =4 - -  

= 3 -  s 

Then applying Eq. (4.42) t o  Eq. (4.61) yields 

j = 1 , N P ,  2 O 4 j t l  

= 0 j = l , N P  =4j+l 

or 
= 0 j = l , N P .  

O 4  j+l 

Similarly, Eq. (4.65) yields 

('2 - .) *4t4NPti = 0 i = l , N G  

4- 28 
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or, 
= 0 i = l , N G .  04i4NPti 

Substituting Eqe. (4.101) through (4.105) into Eq. (4.66) 

2 N P  a a  2 
d h j ~  dx-- s a x  Aj (u-uj)  dx 

'pva 04 

Y 
j= 1 

and rearranging terms yields: 

(4.105) 

j=l 

N P  
t t p ' u J d J  - pj Aj (v - J)  dx] 04jt3 

j=l 

N P  
= 0 .  [Pjujdhj t p j  Jl; dx 04js4 1 t 

j = l  

4- 29  
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Since the remaining multipliers, Q, are arbitrary their coefficients must be 
zero. Therefore, the coefficient of Q~ yields 

2 2 
d P + m &  

p a 2 ( I - i g ) d u + p a 2 g d v t ( u -  &) Y 

tgz p ' j  A j [(v-vj) dx - (u-uj) d y  - t $, dx = 0; (4.107) 
a j=l 

the coefficient of t ~ ~ ~ + ~  yields 

N P  

j= l  

[$ uj  duj - & A j  (u-uj) &] = 0 ; 

o r  

u jdu j  = A j  (u-uj)  dx j = 1 , N P .  

4 j t3  Similarly, for the coefficient of a 

or  
u j d d  = Aj ( v - d )  dx j = 1 , N P ;  

and fiially for the coefficient of a4j+4 

or 

uj dhj = - 4 d ~  ~ = I , N P .  

Recalling that 

4- 30 
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m. (4.110) becomes 

4 
( T j - T )  t- 3o 

J J  m r  
(Tj) - aj T4]]dx j = l , N P  (4.111) 

Before evaluating Eq. (4.107) it is necessary to examine Eqs. (4.57) through 
(4.60) with S = u dy/dx - v non-vanishing (S # 0 )  as in the case along a particle 

st reamline. 

Epuation (4.60): 
S o l - a  2 S o 4  = O  

or 

Equation (4.58): 

or 

o1 = a 2 .  0 4 ,  

o1 = S C 3  

o3 = Ol/S 

finally, 2 
a Q4 

Q - - .  
3 -  s ’ 

or 

Equation (4.57): 

* $ Q 2 S  dx = 0 

and finally 

Equation (4.59): 

2 d %  

(4.112) 

(4.113) 

(5.114) 

(4.59) 
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Substituting Eqs. (4.112) through (4.114) into Eq. (4.59) yields 
2 2 2  

+ s a 4  = 0 a = 4 * , -  a =4 
- 7 ( d X )  s 

or 

In the  above equation, either o4 is zero o r  its coefficient is zero. 
Along particle streamlines: 

Assuming a4 = 0 ,  Eq. (4.1 15) becomes 

Recalling that 

or 

s = udx 4 Y - V  

Eq. (4.115) may again be rewritten in the form: 

2 z J 2  $ 2  - a 2 ( 5 ) - a  
t u  (7) - 2 u v j t v  = 0 

' 2  

U 

2 J 2  J 2 ( u 2 - a  )(;r) - 2 u v j  t ( v 2 - a )  = 0 

o r  

U 

(4.1 1 5) 

(4.42) 
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upon rearranging t e rms ,  
u v + J u 2 v 2 - u  2 2  v + a  2 2  v + a  2 2  u - a  4 

2 2  - V j - -  
u - a  j U 

v j  u v t a  
2 2  

- =  
U u - a  J 

2 2  - v j - -  
a - u  j U 

This equation has  the same solution as Eq. (4.43), that is: 

- tan(e T a )  . J - -  
j U 

However, for  a particle streamline, 

j V 

U 
7 = tanej ; 

J 

therefore the assumption that the coefficient of o4 in Eq. ( 4 . 1  15) vanishes 
does not apply along particle streamlines,  hence the multiplier o4 must be 
equal t o  ze ro  and Eq. (4 .107)  is not valid along particle streamlines.  In 
summary, the compatibility equations that apply along particle streamlines 
are: 

V j SY = - = tanej j = I , N P  
& u  j 

u j d J  = A j  (v - vj) dx j = 1 , N P  

(4.108) 

(4.10 9 )  

4- 3 3  
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4 and 
u j d h j  = -[$Aj d (Tj - T) +-% [&('d) - a dx j = l , N P  (4.111) 

J J  m r  

4.2.2 Enthalpy-Entropy-Velocity Form of the Compatibility Equations 

Recall the pressure-density-velocity form of the compatibility equations 
that apply along gas  streamlines 

N P  

j = l  
O q + p  dP + p pj Aj  [(u - uj) t 1 U (v - v')] dx = 0 (4.76) 

NP 
d P - a  2 dpt-;-d~-~zp $1 j j j  A B l d x  = 0 

U 
(4.77) 

j = l  

pudxi  - dvidx = 0 i = l , N G  (4.78) 

Equation (4.76) may be written in the enthalpy-entropy form using the thermo- 
dynamic relation s 

NG 
T d S  = d h - -  

P 
(3.88) 

i=l 
2 

z H = h t q  (3.68) 

and the definition of the local speed of sound. 

From Ref. 9 it is shown that since the particle velocity and temperature 
do not change through a discontii:uity and since there is a finite rslaxation 
time associated with changes in the particle properties, then an infinitesimal 
weak disturbance must travel at the gas-sonic speed. 
speed of sound of the gas-particle mixture is unaffected by the particle an6 is 

identical with the speed of sound of the gas;  hence, it can be expressed by the 
following 

That is to  s a y ,  the local 

a2 = Y R T  . 
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F r o m  Eq. (3.68) we may write 

dH = dh t q dq 
or 

dh = dH - q d q  

Rearranging Eq. (3.88) 

NG 
= dh - Tds - /Ai ai, P 

substituting for dh from Eq. (4.116) 

NG 
= dH - q dq - TdS - pi "xi P 

i = l  

and rearranging t e r m s  yields 

NG d P  - t q dq = dH - TdS - P /Aidxi . (4.1 17) 

i-1 

Substituting this result  back into Eq. (4.76) yields the final form of the c o m -  
patibility equation 

NG N P  

i=l  j=1 
dH - TdS -x /.Lidxi t i x p j A j I ( u - u )  j v  t - ( v - v j ) } d x  = 0 (4.1 18) 

U 

Equation (4.118) may be rewritten using the definition of th: local speed of 
sound. 

Solving for temperature  

T = a  '. s in2a 
TR 

(4.119) 
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and substituting the result  back into Eq. (4.118) yields 

NG N P  
j j  

2 

YR 
d H - q  2 - d S - x P i d X i t i x p  sin a A [(u-uj)  t E ( v - v J ) ) d X  = 0 (4.120) 

i=l j=1 

Next, we examine Eq. (4 -78). 

Equation (4.78) may be rewritten in the form 

o r  

By letting 

Eq. (4.122) becomes 

p q cos9 dXi = Gi dx 

wi dx 

&i = p q c o s e  

i = 1 ,NG 

i = l ,NG 

W. 
1 ii = - P '  

ii dx 

d*i = q cos0 i = l ,NG 

o r  finally, . 
q c o s 9  byi = Xidx i = l ,NG 

Equation (4.77) may be written in the enthalpy-entropy form using the 
thermodynamic relations 

and 

Rearranging Eq. (3.97) 

d P - a  2 dp =*,, 

(4.121) 

(4 122) 

(4.123) 

(3.97) 

(3.104) 

(4.124) 
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(4 1 2 5) 

Replacing the  first two terms r\f Q. (4.7'7' with Eq. (6.125) 

NY 
p q2 sin'a dS t - d x - -  J11 U 

U l&jAJB+X = 0 :  
y (CP - R) 

j = l  
substituting fo r  yl  f rom Eq. (3.104) 

NG NP 2 2  
q r ( C p  s i n a d s +  - R) ( C p - R j C  R z + p - L C p j ~ j ~ +  U = o (4.126) 

i=l  j=1 

m d  using the relation Xi = ';.gi/p r e s u l t s  in 

Dividing through by pR/tC - R), and recalling Eq. (4.1 19) yields 
P 

NG ('p - 
UPR 

i= 1 j= 1 

pj Aj  B; dx = ( 4  I 2 7) 

where  

The final f o r m  of t h e  compatibility equations that apply along gas streemlines 
are summar ized  as fOllOW8: 

Equation (4.127) 
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Equation (4 1 18) 

NG NP 
dH - T dS -E p i a i  t L x $ A j [ , a - u j )  P tt ( v - J ) ]  dx = 0 (4.129) 

i=l j= 1 

and 
Equation (4.123) 

qcosOdXi = Xi& i = l ,NG (4.130) 

The pressure-density-velocity form of the  compatibility equations that 

apply along Mach lines are 

N P  
+ l Z p j A j [ ( v - v j )  dx - ( u - u )  j dy -7 S B( dx] = 0 .  (4.100) 

P a j=1 

Substituting Eq. (4.117) 

NC 

i=l 
= d H - T d S - q d q - x C L i d X .  1 P (4.117) 

NG into Eq. (4.100) 
2 

q de 7 cQta (dH - T dS - q dq - 
4J 

pi dXi! T 
i=l 

NP 
t-$)dx+icp j j  A [(v-v’!&-(u-uj)dyt  q sina 2 2 1  B j  & ] = O ;  

Pa j=1 cos(e+a) q sin a 
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dividing through by q2, and expanding wherever possible yields: 

NG 

Q Q i = l  

cota dq +z ELidXi 
- cotn c ota c ota 

de t- d H + T  T d S + -  
- 9  2 

9 

- t 6 sina sin0 - d x T  2 sina 9 1 dx + % z p j A j [ v - v j )  dx - (u-u) j dy 

P Q  j = 1  cos(0 T a) y q p a  cos(e+a) 

- 1 = o  
B( dx 

+ 

Equation (4 .131)  may be rewritten in the following manner: 

Recall that 

and 

sin‘a 
YR 

T = ’  . 
NG 

w. 
1 xi = - P .  

Therefore, the third t e rm of Eq. (4.131) may be rewritten as 

2 . 2  
dS cota q sin a - ‘Ota T dS = 

q2 y R  
2 

9 
or  

dS . sina cosa - 
Y R  

T d S  = c ota 
2 

q 

The seventh term- may be rewritten as 

(4.131) 

(4.119) 

(4.104) 

(4.132) 

(4.13 3) 
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NG or 

(4.133) 

A portion of the eighth term may be rewritten as 

finally, 

Substituting Eqs. (4.1321, (4.133) ana (4.134) back into F,q. (4.131 yields 
the  final form of the compatibility equations that apply along Mach lines 

sina cosa dS - cota d H  T 6 sine sina dx t cota 
9 q2 y cos(e7a)  

de 2- ‘q? yR 

M P  

(4 .135) 
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4.2.3 Compatibility Equations for  Equilibrium and/or Frozen Chemistry 

Recall the enthalpy-entropy -velocity form of the compatibility equations. 

Along g a s  streamlines: 

(4.128) 

and 
NG N P  

i = l  j=1 
d H - T d S - z p i d X .  ' t I C B A j [ l u - u j ) + ~ ( v - V j ~ d X  P '  u = 0 .  (4.1 2 9) 

Along Mach lines: 

sina cosa dS cota dH - ti sin8 sina dx + c ota de +-dq 2 
Q YR P 2 y cos(eTa)  

. 
P i=l  

3 q sina c o s ( e f a )  
(4.135) 

t e r m s  

For any closed system which is in the state of complete equi l ibr ium the 

NG 

NG 

i=l 

and c Pi xi 

must  be zero  (Ref. 40) .  Furtherrn ore,  for chemically frozen flow Xi and dXi 
are obviously zero  since there  a r e  no changes in the chemical species con- 

centration. 
the above equations reduce to  the form: 

Therefore, for the case  of equilibrium and/or frozer, chemistry 
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A l q  gas streamlines: 

and 
T d S -  upR 

j=l 

NP 

(b .128a) 

( 4.1 29a) 
j=1 

Along Mach lines: 

4.2.4 Summary of the Compatibility Equations for Gas-Particle Flows 

The character is t ics  of the flow have been found t o  be the gas  streamlines,  
g a s  Mach lines and particle streamlines (one for each particle species). 

Pressure-Density-Velocity Form (for Chemical Non-Equilibrium and Transi-  
tion Flow Applications) 

The slope of the gas  streamline, 0 ,  is given by 

= t-e dx 

and the compatibility equations which apply along gas streamlines are:  
N P  

Oq+p d p + ~ ~ ~ j A j [ ( u - u j )  p 
j = l  

NP 
d P - a  2 d p + y d x - ; z p  $1 1 j j j  A B , d x  = 0 

j = l  

(4.4 1) 

(4.76) 

(4.77) 
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and 

The slope of the  Mach lines (left running character is t ics  and right 

I m i n g  characterist ics) is given by 

(4.56) 

and the  compatibility equations which apply along each Mach line are: 

2 q de T c o t a -  
P 

N P  
(4.100) t L z p j A j [ ( v - v )  j dx - ( u - u )  j dy -7 S B{ dx] = 0 

P a j = l  

Equation (4.100) may be written in the m o r e  convenient form 

NG 

= o .  - + (u - uJ) sin(0 i a )  t 

The particle streamline direction, e’, is given by 

(4.136) 

and the compatibility equations which a p p l y  along particle stret.mlines are:  

(4.42) 

u j d u j  = Aj  (u -u j )  dx j = 1 , N P  

u j d v j  = A j (v-v j )  dx j = 1 , N P  
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Enthalpy-Ehtropy-Velocity Form (For Chemical Equilibrium and/or Frozen 
Flow Applications) 

The slope of the gas  streamline, 8, is given by 

sh! = tan0 dx 

and the compatibility equations which apply along gas  s t reamlines  are: 

dH - T d S  t L E p j A j I ( u - u j )  P t v ( v - v j ) ] d x  U = 0 
j=  I 

(C -R) NP 
T d S - * x p  A B l d x  = 0 

j=1 

(4.4 1) 

(4.129a) 

( 4.1 28a) 

where 

and 

The slope of the Mach lines is given by 

(3.46) 

(3.83) 

(4.56) 

4- 44 

LOCKHEED - HUNTSVILLE RESEARCH & ENGINEERING CENTER 



LMSC-HREC TR D867400-I 

and the  compatibility equations which apply along each Mach l ine  are: 

sina coaa dS -cota dH - 6 sin0 sina dx - t- cots 
c y cos(e-i-a) de 3- ‘q? y R  + 2  

q 

The independent variables are x, y ,  q ,  0,  P, p ,  u j j j  , v , h and p j in the . . .  
Pressure-Density-Velocity form, and x, y ,  q, 9,  H, S, uJ, vJ,  hJ and pJ in the 
Enthalpy-Entropy-Velocity form. 
pletely define the gas-particle flow a t  a given location in the flow field. The 

above equations provide only 6t3NP compatibility relations. 
a compatibility relation does not exist for the particle density and resul ts  
f rom the assumption that the particles do not contribute to the p re s su re  acting 
on a control volume in the gas-particle system. 
(Ref.101 this  can be resolved by utilizing the following incompressible flow re- 

lation t o  obtain the particle density. 

6t4NP unknowns are required t o  com- - 

This is because 

As originally shown by Kliegel, 

(4.137) 

and 
6 takes on the values 

6 = 0 for two-dimensional flow 
1 for axisymmetric flow 

4.3 FINITE DIFFERENCE SOLUTION OF THE COMPATIBILITY EQUATIONS 

To solve the system of compatibility equations it is first necessary to  
write these equations in finite difference form. 
scribing the particle properties were derived for a discrete  particle. 
account for m o r e  than one particle s ize  o r  species,  n discrete  particles are 
allowed L? the numerical  solution. 

Notice that the equations de- 

To 

The streamline of each additional particle 
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is an additional characteristic curve; and the solution is obtained by applying 
the particle compatibility equations independently for each particle along its 

streamline . 

The equations are cast in a form suitable for the calculation of an 
interior point in the flow field. For special points, such as along the nozzle 
axis, the nozzle wall, the limiting particle streamline and a free boundary, 
certain boundary conditions in the flow field are known which allow some of 
the equations to  be discarded. The characteristic net for an interior point 
is illustrated by Fig. 4- 2. 

The difference equations for the gas  -particle s y s t e m  of compatibility 
equations in coefficient form is given below. 

The slope of the gas  streamline, 8 ,  is given by 

5 9 3  
2 5-3 = t a b  

and the compatibility equations which apply along gas streamlines are 

Pressure-Density-Velocity Form for Finite Rate Chemistry 

and, 

- A p5-3  + - + c  = o  
q5,3  Aq5-3 p5,  3 3P 

-2 Ap5-3 - a5, 3 4 5 - 3  + CZp = o  

(4.1 3 8) 

(4.1 39) 

(4.140) 

(4.141) 

where the barred values are averages over the step length, and the coefficients 
are defined as followsr 
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Fig.4-  2 - Characteristic Net for an Interior Point 
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f L  1 - and I 

AL is the step size along the strezmline. 

Enthalpy -Entr opy -Velocity Form for Equi1ibri.m and/or Frozen Chemistry 

- 
(4 142) 

3P 
*H5-3 = = 5 , 3  AS5-3 - 

and 
= c2 (4.143) AS5-3 

where 

AL5-3 - 
5 5 , 3  * 5 , 3  95,3 

(':,I - 
-j p5 ,3  xj 5,3 -,j 1 

* 5 , 3  j=l 

The slope of the Mach lines (left running denoted by subscript 2 and 
right running denoted by subscript 1) is given by 

where - - - 
h, 2 = ~ 1 , 2 + X 1 , 2 * 1 , 2  

(4.144) 
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and h takes  on the values 

1 for interior solution 

hl = 1 for lower boundary solution I C for upper boundary solution 

1 for interior solution 
A2 = 0 for lower boundary solution I 1 for upper boundary solution. 

The compatibility equations which apply along each Mach line are: 

Presaur e -Density -Velocity Form 

- - 
-t c1 = o  2 + Q l ,  2 2 G1, 2 - 1 , 2  (4.145) 

where the coefficients are defined as follows 

-2 - - - 
1, 2 Q 1 , 2  P l ,  2 Ql, 2 s ina 

- 
t 1 , 2  %, 2 6 sinbl  sina 

- - 
G1, 2 

y1.2 cOsF 1 , 2  

and 

- p 1 , 2  - 1  

Rl ,  2 
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Enthalpy -Entropy - Velocity Form 

- - 
A%, 2 2 Ql,  2 2 f B 1 ,  2 + %, 2 AH1, 2 + 2 f. cll ,  2 = 0 (4.146) 

where the coefficients are defined as follows 
- 

1,2  cosa - *1,2 - - - 
sinal, 2 q 1 , 2  

- - 
, 1.2 2 
? i s  

sinal cosa - - 
2 

1 ,2  1 , 2  

1 ,2  cosa - - 
-2 - 

1 ,2  q1 ,2  9 , 2  s ina 

Finally, the particle streamline direction, 0 j , is given by 

j = 1,NP 
j k. 4-3  = t a d  

AXJ 4 , 3  (4.147) 
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and the  compatibility equations which applb along particle streamlines are:  

A U ; - ~  = j = l , N P  (4.148) 

(4.149) 

and 

j = l , N P  (4.150) 

where the coefficients a r e  defined a s  Iollows 

(4.150a) 

and 

The difference form of Kliegel's incompressible. flow relation i s  

An iterative solution is employed to determine the properties of the flow 

at the new point. 
proximated by the conditions at the known points, e.g., 

For the first pass of the solution the :tarred Jalues a r e  ap- 

After the appropriate set of equations has been solved a new estimate of the 

barred values is made, e.g., 
- - 81 + Q 3 ,  

- 2 
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The iterative process is continued until the desired convergence is 

reached. 

The mechanics of the numerical solution for a typical point a r e  quite 
involved. 

different types of points encountered in a typical gas-particle flow problem. 

Section 7 presents the mechanics of the numerical solution for the 

4.4 DEVELOPMENT OF THE PARTICLE DENSITY RELATIONSHIPS 

Klieg el 's inc ompr es si ble flow relation 

(4.137) 

will now be used to develop the particle density relationships required to 
solve for the particle density at each of the different types cf points encountered 
in a typical gas-particle flow problem. The particle density relationships will 

be  derived for an interior point, a lower boundary point, a particle limiting 

streamline point and an upper boundary point. The particle density relation- 

ships for the remaining type points (such as a shock point) will not be developed 
because each is  subject to the  same boundary conditions a s  one of the above 
four cakes and therefore yield the same results. 

4.4.1 Interior Point Solution 

Consider the characteristic net for an interior point 

Normal 3- 1-2 0 0 

Left-Running 
0 Characteristic Line 
?- 

Right-Running 
Characteristic Line 
t 
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Applying the principle of conservation of mass t o  the above system, we may 

write 

(4 1 52) 

Each term in the above equation may be solved for by applying Eq.(4.137) 
between the proper points. 

Points 1-3: 

- 
6 6 6 6  

(plul + P 3 U 3 1  ( Y I Y ,  - Y3Y3) ( P p 1  +P3V3) ( Y ,  y3) 

26 2 26 1-3 m 

Points 3-2: 

(x3 -x2) (4.154) 1 6 6 6 6  
(p2u2 + P3u3) (Y3Y3 - Y 2 Y 2 )  ( P p 2  + P3V3) (Y, Y3) 

2& 2 
- -  

26 3-2 m 

a d  point s 1-2: 

The particle density relationship at  point 3 may now be determined by 
substituting Eqs. (4.153). (4.154) and (4.155) into Eq. (4.152) and solving for p,. 
Equation (4.1 52) becomes: 
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To solve for p3: 

expand Eq. (4.156) 

6 6  - V2(Y2 f Y3) (x3 - x2)] ; 

isolate p3 and its coefficient 
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combinp :;ri-ns on the right hand side of the equal sign 

and f inal ly  solving for p, 

( 4 . 1 5 7 )  

4.4.2 Lower Boundary Pc.int Solution 

The lov-er wall point and free boundary point a r e  the two types of lower 

boundary points encountered in a typical gas-particle flow problem. 

a relationship for  the particle density at a lower boundary point it will be 

assumed that: (1) the lower boundary runs parallel to t h e  x-axis ( for  two-phase 

only), and (2)  the particle streamlines run parallel  to the lower boundary when 
in the vicinity of the lower bcundary. 

all of the flow problems encountered. 

To derive 

These assumptiors are valid in nearly 
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Consider the characteristic ne. for a point on a lower boundary 

Normal / 
Right - Running 
Characteristic Line 

Lower Boundary 

Right - Running 
Characteristic Line 

1 

m l  - 5  

5 
Lower Boundary 

3- 5 

Applying the principle of conservation of mass to  the above system, we may 
writ e 

Furthermore, from the above assumptions m3-5, v i  and 4 may be set equal 
to  zero. 

Equation (4.158) then becomes 

1-3 = m  1-5 m (4.159) 

Each term in the above equation may be solved for by applying Eq. (4.137) be- 

tween the proper points. 

Points 1-5: 

Points 1-3: 
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The particle density relationship at point 3 may now be determined by 

equating Eqs. (4.160) and (4.161) and oolving for p3, 

Equation (4.159) becomes: 

To solve for P,: 

combine t e rms  of Eq. (4.162) t o  form coefficients of p 1' p 3 and p 5 

6 
3 1 1  and then divide through by u y y 

- P5u5 - 2 P p 1  (x3 - 5 )  

u3 p3 - 

4.4.3 Particle Limiting Streamline Point Solution 

(4.163) 

Consider the characteristic net for a point on a particle limiting stream- 
line 

Pa r t i cl  e Limiting 
Streamline for Species j 

Normal 

1 

4- 57 

LOCKHEED - HUNTSVILLE RESEARCH b ENGINEERING CENTER 



LMSC-HREC TR D867400-I 

Applying the principle of conservation of mass to  species j in the above 

system, we may write 

By definition of a particle limiting streamline, t h e  entire mass of 
particle speciss j is contained in the streamtube formed by the particle 
limiting streamline for species j. Therefore mi -3  may be set ?qual to sero. 
Note that this  condition applys only to particle species j; other particle species 
may pass through the particle limiting streamline for species j. Equation (3.164) 
then becomes 

= &  "3-4 5-4 (4.165) 

Each term in the above equation may be solved for by applying Q. (4.137) be- 

tween the proper points. 

Points 3-4: 
d d 6 6  

@3u3 +P4U4) (Y3Y3 - Y4Y4) ( P g 3  +P4V4) (Y3 +Y4) - (4.166) 
2& 2 &3-4 2 26 

Points 5-4: 

The particle density relationship at point 3 may .?iL?w be determined by equating 
Eqs. (4.166) and (4.167) and solving for p3. Equation (4.165) becomes: 

4- 58 



LMSC-HREC TR LB67400-I 

To solve for p,: 

expand Eq. (3.168) 

6 6 6 6  & 6 
p3u3 (Y3Y3 - Y4Y4) - P3v3 ( Y ,  + Y4) (x3 - x4) + P4U4 (Y3Y3 - Y4Y4) 

6 6  - P4V4 (Y3 i- Y4) (x3 - x4) 

+ p p 4  (Y,Y5 - Y4Y4) - P4v4 (Y,+Y*) (x5 -x4) ; 
6 6 6 6  

5 combine t e rms  t o  form coefficients of p3,p4 and p 

and f ina l ly  solving for p3 

P5[U5(Y5Y5 6 - Y4Y4 6 

6 & 

I 1 - 
6 6 6 6  

U3(Y3Y3 - Y4Y4) - V3(Y3 + Y4) (x3 - x4) 
p3 - 

6 1 1  - v5 (y5 6 6  i- y4) (x5 - x4) + p4 U4(Y5Yj - Y3Y3) - .,[(YE + Y4) (x5 - x4) 

(4.169) 

4.4.4 Upper Boundary Point Solution 

The upper wall point and f ree  boundary point are the two types of upper 
boundary points encountered in a typical gas -FPrticle flow problem. Consider 
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the  characteristic net for a point on an upper boundary 

No 

Upper -Bounds ry 

Applying the principle of conservation of mass t o  species j in the above 

system, we  may write 

(4.1 70) 5-4 m 

Unlike the assumption made in the lower boundary solution, the particle 
streamlines a r e  not restricted to  run parallel to  the upper boundary in the 
vicinity of the boundary. Therefore, the particle mass  flow r a t e  mJ 

necessarily equal to  zero. Physically speaking, mi- may be considered to 
be equivalent to particles llstickingll to the upper wall o r  passing through the 
free boundary . 

is not 5-3 

The particle density relationship at the upper boundary is derived by 
following the same mathematical procedure used in the solution for the particle 
density relationship at an interior point. The final result is 

r 

(4.171) 
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5 .  SHOCK CAPTURING OPTION 

A shock captur ing opt ion has been included i n  the  RAMP code t o  pe rmi t  

the  computation of two-phase (gas-par t ic le )  nozzle flows with embedded 
shocks. 
equi l ibr ium/frazen chemistry. 

d i s t r i b u t i o n  of p a r t i c l e  sizes. 
t r a n s f e r  of momentum and energy. 

The gas  phase may be t r ea t ed  as e i t h e r  an i i z a l  o r  real gas with 

The par t ic le  phase is t r ea t ed  as a d i s c r e t e  

The two phases i n t e r a c t  on ly  i n  the  

There i s  no mass t r a n s f e r  between phases, 
i.e., the  particles do not evaporate,  and the  gas does not  s o l i d i f y  o r  

condense. 

The inv i sc id  s teady  s ta te  conservation equat ions for a gas-par t ic le  
mixture are given as follows i n  vector  notat ion:  

Ma ss V d  = 0 

Energy 

Pa 1: t i  cle a 
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These equetions, expressed in compact form i n  nozzle coordinate8,become: 

and, for  axis solution: 

(5.2b) 

where E, F and H are the  following ar rays  of variables:  

F -  ( ; j  p v  + P  ) 
Par t i c l e s  

and where 

0 2D planer 
1 axisymmetrfc 6 =  

1 r or y momentum eq. 
IC 0 a l l  othprs  

The nozzle coordinates x and rl - r / R  or yIR are based on aa expanding 
sca le  i n  the  r o r  9 di rec t ion  proportional t o  the nozzle radius  (or half- 
width) R. 
direct ion.  

This permits  a uniform dfstr ibut icf i  of gr id  points  io the  1: o r  y 
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Equation ( 5 . 2 )  i s  numerically integrated by the McCormack predictor/ 
corrector algorithm which is second-order accurate. 

as follows: 
This algorlihm is given 

Predictor Step  

n R n 
(pel - Pm) - Hm Ax Ax - 61s - 

Rn An 

and, o n  axis (m = 1) 

2 A x  n - 
El 5 E; - - - [(Pi - KP;) - (F1 - 

R~ An 

Corrector Step 

(5.6a) 

(5.6b) 

and, on axis (m = 1) 
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The nozzle wall boundary i$ t rea ted  using the  MOC option i n  RAMP fo r  
the  gas phase. 

follow the aoezle  wall boundary, and, hence, must he tracked f o r  each 

p a r t i c l e  specie  by in tegra t iag  the  following equations of motion: 

The p a r t i c l e  phase upper boundary does not necessar i ly  

.. 
x - ABu .. 
t (or j;> = A A V  ( 5 . 8 )  

These equations are integrated with two s teps  along with Eqs. (5 .6)  and ( 5 . 7 )  t o  

f ind the l imi t ing  streamline f o r  each p a r t i c l e  specie: 

Predictor SteD 

Cor rec  t or  SteD 

The flowfield propert ies  are obtained by decoding the computed flux 
variables  E obtained by integrat ing Eqs. ( 5 . 6 )  and ( 5 . 7 ) .  

fo r  the gas phase depends on the type of chemistry Involved. 

and real gas decodes the  r a d i a l  (ve r t i ca l )  ve loc i ty  v and t o t d  enthalpy H 
are obtained by 

The decode procedure 
For both idea l  

vu+' = EJE, 
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I n  the  i d e a l  gas  decode, '-he a x i a l  ve loc i ty  u is obtained from: 

Y + l  
U 

where 

(5.10) 

The real  gas  decode proceddre makes use of real gas  chemistry t a b l e s  i n  

RAMP. These t ab le s ,  by a look-up procedure, recover temperamre, pressure,  

dens i ty ,  Mach number, gas constant  and r a t i o  of s p e c i f i c  hears  from an input  
of t o t a l  enthalpy,  entropy and ve loc i ty .  
decode uses Newton i t e r a t i o n  t o  so lve  the following equation: 

The shock capture  opt ion  real gas 

where the gas  cons tan t ,  R, and temperature, T. are obtained from the  real 

gas  t a b l e s  from known values of entropy, S, t o t a l  veloe-rty, 7, and t o t a l  
enthalpy, 8. Following convergence of the i t e r a t i o n  on ve loc i ty ,  V ,  the  

a x i a l  veloc,ty, u, is obtained from: 

(5 .11)  

For both i d e a l  and real gat3 decodes, t he  dens i ty ,  p, and pressure,  p,  

are then obtained from: 

n+l 
p E1/unS1 

n+l pn+' * E2 - El u 

(5 .13)  

(5 .14 )  
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The particle phase decode is: 

(5.15) 

(5.16) 

(5.17) 

(5.18) 

The Shock Capture option was checked out by comparison with the 
eltisting streadine/normaL method-of-characteristics option. 

cases were considered: 
SSMe nozzle flow, single phase, equilibrium chemistry, and (3) two-phase 

ideal gas with solid particles. 
tions are shown in Pigs. 5-1 through 5-3 for case 1 (SSME nozzle, ideal 

gas). 
distributions are shown in Fig. 5-3. 
between the Shock Capture and Streamline/Normal options. 
are shown in Figs. 5-6 through 5-6 for case 2 (SSME nozzle, equilibrium 

chemistry). 
-adius are shorn in Fig. 5-7 for case 3 (Space Shuttle SRM, two-phase, ideal 

gas). 
distributions are shown in Figs. 5-8 through 5-10. 

agreement is shown betveen the Shock Capture and Streamline/Normal options. 

Three test 

(1) SSNE nozzle flow, single phase, ideal gas, (2) 

Computed Mach amber and pressure distribu- 

Axial distributions are shown in Figs. 5-1 and 5-2, and exit radial 
Generally good agreement is shown 

Similar results 

Computed Mach number and pressure distributions along the exit 

Solid particle densitlee, velocities and temperature exit radial 

In all cases, good 

On the basis of the demonstrated good agreement with the Streamline/ 
Normal option, we conclude that the Shock Capture option is operational and 
error free. 
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Shock Capture 

A Streamline/Norsral 

lo2 

10 

1 

'1 2 ' 4  6 8 10 
Axial Distance ( f t )  

Fig. 5-2 Pressure Distribution Along SSME Nozzle Axis 
Ideal Gas Solution 

5-8 

Wall 

LOCKHEED-HUNTSVILLE RESEARCH 6 ENGINEERING CENTER 



MSC-HREC TR D867400-I 

4 
0 c 

LOCKHEED-HUNTSVILLE RESEARCH 6 ENGINEdING CENTER 



LI'lSC-BREC TR D8674OO-1 

a 

5-10 

LOCRHEED-HUNTSVILLE RESEARCH 6 ENGXNEERING CENTER 

n 
U 
ru 

Q) 
V 
C 
cp 
Y 
OD 

W 

G 
rl 
cp 

B 

0 



Algorithm Option 

Shock Capture 

A StreamlineINormal 
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Fig .  5-5 Pressure Distribution Along SSME Nozzle Axis, 
Equilibrium Chemistry Solution 
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6 .  EXPANSION CORNER -PRANDTL-MEYER FAN 

In some cases  the flow may be required to negotiate a sharp expansion 

turn. The problem becomes two dimensional at a sharp corner  (it is impos- 
sible to conceive of an expansion corner  on an  axis of symmetry) and may be 
treated with a Srandtl-Meyer expansion. 

Fig,  6-1 - Nomenclature for  Mach Wave Analysis 

Since a Mach w v e  will  support p re s su re  changes only in a direction normal 
to itself (Ref. 41': 

dv = qd6 

du = dq 

1 du - tanp = iFf 
- 

@T 
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or 

The solution to  Eq. (6.1) is  a straightforward numerical integration for 
the case  of a icnown final velocity (free-boupdary case). If the turning angle 
is known, however, and the final velocity is not known, an iterative solution is 
necessary to ri.:termine the upper limit, 

fzfE 9 - A0 = f(q2) = 0 

Q1 

In the mesh construction to be discussed later a fan of rays must be gen- 
erated to  allow a numerical description through a large turning angle. The turn- 
ing angle is subdivided into a number of small turns, each of which is integrated 
numerically. Corresponding to each of theae small turns is a Mach wave o r  
characteristic line emanating from the corner. 
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7. NUMERICAL SOLUTION (MESH PCINT CONSTRUCTION) 

The calculations described previously a r e  point or  small  regiun solu- 

tions. 

required to  de3cr i lc  the ent i re  flow field in a typical gas-particle flow problem. 

The general  principles adopted in the numeri.-a1 solution are  s imilar  to  those 
used in the method-of-characteristics solutior 7 .  

tllc? technique of mesh  construction; here ,  the calculation proceeds along 

normals to the streamlines instead of along characterist ic lines. 

This section presents bhc mesh construction and calculation procedure 

The ma jo r  difference is  in 

To begin the problem of describing the entire flow field d l  necessary 

boundary conditions must ,  of course,  be supplied. In addition, a start line 

whovc properties are complete’v defined m u s t  be designated. 

Z’igure 7-1 illustrates a flow i i e ld  in which there  are no discoutinuities 

and in which the mes;> con3truction ir; 3.errninated when the region of interest 
has been computed. 

Figure 7-2a prebnnfs the mesh  conazruction required to  solve for  the 

The J *-ne is considered to be properties of any interior point i n  .Cig. 7-1. 

the known normal line. The J-l ine m a y  w! the input s tsr t l ine o r  the line just  

calculated. The K-line is the new norma; iine to  be ca lcds ted .  Czlculation 

always starts f rom the lowest point and mwss  upv.zrd along the K - l i n e .  The 

first point on the new normal  is located by extending the right-running char -  

acterist ic f rom a properly selected point (based on desired mesh  s i k z )  on 

the preceding known normal to intersect  the lower boundary based on the 

flow properties of that point. 

(boundary pptiitj of the n o m a 1  a1.e locsriad Ly extending the normal to the 

local strearnlinc to  intersect  the n2xt streamline (A boundary is a lso a 

The rest of the points including the ,ast point 
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Nozzle Wall 

Gas Streamline 

Particle Limiting 

\ 

Fig. 7- 1 - Basic Mesh Construction for the Streamline-Normal 
Two -Phas e Numerical Solution 
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J-line E 

Right-Running 
Characteristic 
Line 

P 
-line 

Fig. 7- 2a - Mesh Construction for an Interior Point 
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streamline.) Once the location of the new point is known (point 3 in Fig.7- 2a), 
the characteristic line(s) and particle streamline(s) can be made to intersect 

the preceding known normal (points 1, 2 and 8 in Fig. 7-2a). The properties 
of pcints 1, 2 and 8 on the known normal can be interpolated from the known 
points. The properties at point 3 can then be calculated by solving the applic- 

able compatibility equations. For  an interior point, both the right-running 
and left-running characteristics are used to compute the velccity and the flow 
angle at the new point (point 3 in Fig. 7-2a). 
the flow angle or the velocity can be found with the boundary condition; there- 
fore, only one physical characteristic is needed depending on the relative 
location of the boundary with the main flow. For shock points and Prandtl- 
Meyer expansion calculations, the mesh construction is appropriately modified 

to accommodate each individur.1 case. The general method of computation, 
however, remains the same as described above. 

For a boundary point, either 

The mesh construction and calculation procedure for an interior point 
solution forms the basis for the solution of the flow properties at all other 
types of points in the flow field. For  that reason, the mesh construction 
and calculation procedure for an interior point will be first described in 
detail, then, to further aid in the understanding of the numerical solution, 

presented in flow chart form. Using the knowledge gained in the discussion 
of the interior point solution, the calculation procedure for each of the re- 
maining cases will be described. Any important problems that may arise, 
or other points of interest involved in the calculational procedure will be 
discussed. 

7.1 INTERIOR POINT 

This section presents the details of the numerical solution for the gas 
and particle flow properties at  an interior point of the flow field being analyzed. 
The solution is outlined in a step-by-step procedure and is for the case when 
particles a re  present at all points which enter into the calculation of the flow 
properties a t  the new point. 
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Consider again Fig. 7-2a and assume that the flow properties are known 
The J-line can be the input s t a r t  line o r  the line just  calcu- along the J-line. 

lated. The point 7K will also be a known data point since it is the last  point 

calculated on the K-line. 

Before the calculation procedure can be started a decision must  be 

made to use either the enthalpy-entropy-velocity form o r  the pressure-  

density-velocity form of the compatibility equations to solve for  the prc2ier- 

t ies  at the new point. This decision is based on the type of 2iemistry being 

considered in the flow field. 

the pressure-density-velocity form of the compatibility equations is the more  

convenient form to be ilsed. If equilibrium o r  frozen chemistry is being con- 

sidered, the enthalpy-entropy-velocity form of the compatibility equations is 

the more  convenient form to be used. In either case, the method of calcula- 

tion is the same. 
chemistry of the flow field being analyzed may be considered to be in chem- 

ical equilibrium. 

If finite rate chemistry is being considered, 

F o r  purposes of discussion, it will be assumed that the 

Step 1: F o r  the first pass of the solution, the properties at 3K are set 
equal to those of the base point 5J. 

Step 2: The physical location (xs, y3) of the point 3K is  found by inter - 
secting the normal from the point 7K with the projection of the streamline 

from the point 55. 

Step 3: The intersection of the characterist ic lines with the J-line is  
now found. 

and an interpolation scheme is employed to  find the flow properties at these 

points. The interpolation is of the following form: 

These lines will in general fall between two known data points 
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where 

F = interpolation factor. 

For the gas now properties P assumes the following 

P = q, ~ , s , H  

with 

while for the particle properties P assumes 

with 

= f (hJ) l , 2  tabulated 

Gi, = f ( R e i ,  2, Prl ,  2) Ref. 12 
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(3.46) 

- =:,2 c P l ,  2 
c!,2 - 

f i , 2  Prl, 2 

(3.83) 

and , 

n l ,  2 

( 3  - 8 6 ~ )  

Note that the points 1 ,2  and 8 are not necessarily as shown in Fig. 7-2a. 

Their locations can vary along the J-line depending on the mesh  size and the 
Mach number in the vicinity of point 3. 

when the point m t 2 is an upper boundary point and the point 1' is outside the 
flow field under consideration. 

the calculation. 

they be interpolated because point n t 2 is not yet known. 
cl-se, the flow properties a t  point 1 a r e  assumed to  be identical to  those of 

point m t 2 so that the properties at point 3 can be approximated. The same 
method is used to calculate point n i- 1. 

line can then be calculated without problem. Once the bow.dary point is deter 

mined the calculation goes back to point 1 and the right running characterist ic 

F i g u r e  7-2b presents one example 

Instead of the pollit 1'  the point 1 is used in 

However, the properties at point 1 are not available nor can 

For  tx:: particular 

The boundary point n f- 2 of the K -  
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Upper Boundary 

Gas Streamlines 

Fig. 7-2b - Mesh Construction for an Interior Point 

intersection is made using the two born..: ' 7  points. 
for and the solution proceeds to the plume boundary. 

Point 1 is then solved 

Step 4: The particle density at pdint 3K is calculated using the relation- 
ship: 
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Step 5: The particle streamline intersections with the J data line are 
now located (point 8 of Fig.?-2a) wing  the particle streamline relationship: 

(4.42) 

Step 6 :  The gas and particle propcAies a t  point 85 a r e  now found by 

employing an interpolation scheme as described in Step 3. 

- Step 7: The coefficients for  the particle compatibility relations are 
now calculated from Eq. ( 4- 150a). 

(v8, 3 .- '8,3) j 
3 

- 
c 3 & 3  - . .J 

%, 3 

Step 8: The new particle properties a t  point 3K a r e  then found by ex-  

panding the difference Eqs. (4.148), (4.149) and (4.150) to obtah  
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with the remaining properties defined as 

T i  = f ( h ) i  tabulated 

f i  = f ( R e i )  tabulated 

4 = f ( R e i ,  Pr3) Ref.  12 

c: 

GJ C 
- p3 - .  

(3.46) 

(3.83) 

( 3 . 8 6 ~ )  
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Step 9: The coefficients f o r  the gas  s t reamline compatibility relations 

are  now calculated 

and 

Step 10: The ra te  of change of entropy in the direction of the gas s t rearn-  

line and the entropy at the point 3K are calculated in the following manner:  

q 3  = c2 ( 4 . 1 4 3 )  

and the entropy at point 3K is 

2 '  s3 = s5 t c 

Step 11: The rate  of change of enthalpy in the direction of the gas stream- 
line and the enthalpy at the point 3K are calculated in the following manner: 
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and the enthalpy at point 3K i s  

H3 = Hs t Ts,3 - Cg 
P 

Step 12: The remaining gas properties to be calculated at point 3K are 
the velocity and flow angle. Expanding equation (4.146) in terms of both the 
right and left-running characteristics and solving for the velocity gives 

The new flow angle is then 

O3 = e2 t Q2 q3 - Q2q2 t B2 - C12 (H3 - H2) - G2 t C12 

Step 13: The properties T3, p3,  v 3 ,  C , Pr3, A i ,  C i  and Bi a re  recal- 
p3 

culated to reflect the new gas properties. The solution is then checked to 
determine if  the desired accuracy has been obtained. If the solution has not 
converged, return to step 2 and repeat the process. The flow of the numerical 

solution is summarized in Chart 7- 1. 
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I Initial Guess for I Properties a t  Interior Point 

Determine Physical 
Location of Interior Point 

Determine Left-Rrnning and 
Right-Running Characteristic 

I 

Determine G a s  and Particle 
Properties a t  Intersection 

Set Up Logic for  I New Point 

J 
output 

Calculate New Properties 
at  Interior Point 

t 
~ ~ 

Determine Particle Density 
a t  Interior Point 

I I 

I Determine Particle Stream- I line Intersection with J-Line 

Calculate Velocity and Flow 
Angle at Interior Point 
Using Compatibility Equations 

I Determine AS and AI3 
Along Gas Streamline 

. * Properties at Interior 

Equations 
0 Point Using the Compatibility 

Determine Gas and Particle 
Properties at Intersection 

Chart 7- 1 - Flow Chart of the Calculation Procedure for an Interior Point Solution 

7- 13 

LOCKHEED - HUNTSVILLE RESEARCH 6 ENGINEERING CENTER 



LMSC-UREC TR D867400-I 

7.2 LOWER WALL POINT 

Figure 7-3 presents  the mesh construction required to solve for gas and 
particle properties at any lower wall point in Figure . - 1. 

Right-Running 
Characterist ic Line 

6 

Par t  icl e 
Streamlines 

3K 
Gas Streamline 
Along Lower W a l l  

Fig. 7-3 - M e s h  Construction for a Lower Wal l  Point 

The calculational procedure followed to determine the flow properties 
at a lower all point is very s imilar  to that of a n  inter ior  point solution. The 

lower wall point is always the first point calculated on a K-line. Before the 

point 3K can be located, point 1J must first be selected as a function of the 
desired mesh size. 9nce  point l J  is located and i t s  properties determined 
using the interpo!ation scheme employed for an interior point; the physical 
location (x3, y3) of point 3K is found by intersecting the right-running charac- 
terist ic from point 1J and the projection of the streamline from the point 5J. 
The particle density at point 3K is then calculated using the relationship 

(4.163) 

and is based on the assumptions that: (1) the lower boundary runs parallel  to 

the X-axis; and (2) the particle streamlines run parallel  to  the lower boundary 

when in th% vicinity of the lower boundary. 
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Finally, since the flow angle along the lower wall is hnown, o n l y  the ri;;ht 

running characterist ic line is needed to calculate the velocity a t  the lower wall 

point. Solving for velocity in Eq. (4.146) gives 

Once the velocity is found, the calculational procedure is continued as 
in  the case of an  interior point  

7.3 UPPER WALL POINT 

Figure 7-4 presents  the  m t s h  construction required to solve for the gas 
and particle properties a t  any upper wall point in Fig. 7- 1. 

,- Upper  Wal l  
5 \ -  

Gas  Streamlines 
Along Upper 
Wall 

\ Left-Running 
Characterist ic Line 

4 - 

Fig. 7-4 - Mesh Construction for arA Upper Wall Point 

The calculational procedure followed to determine the flow propert ies  at 
a n  upper wall point is almost identical to that of an  interior point solution, The 
exception is that the. flow angle on the upper wail is  known and,L;.erefore, only 

the left-running characterist ic l ine is needed to calculate the velocity a t  the 

upper boundary point. Solving for  velocity i? Eq. (4.146) givest 
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7.4 FREE BOUNDARY POINT 

Figure 6 - 5  presents the mesh construction required to solve for the gas 
and particle properties at a free boundary point. Note that the mesh cons-Auc- 

tion is the same as that for an upper wall point. 

F r e e  Boundary 

Pa r t i c 1 e St r earn 1 i n  e s 

Left- R unning 
Characterist ic Line 

Gas Streamlines 

- Normals 

Fig.  7-5 - Mesh Construction for a Free  Boundary Point 

The calculational procedure followed to  determine the flow properties at 
a free bou.dary point is like that of an upper wall point solution. The one dif- 
ference is chat the velocity and not the flow angle at ths  free boundary point is 

known. Applying Eq. (4.146) to  the left-running characterist ic and solving for 

the flow angle a t  the free boundary point gives 

The velocity at the free bouvdary, though assumed to be known, is not 

easily obtained. The velocity at the free boundary must be solved for itera- 
tively using the relation 

L ” 0  J I  
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An interative solutian i s  required because the gas properties R, T and P 
are functions of a variable y. 

constant and v ma) be  solved fo r  directly. 3 

If an ideal g a s  was being considered, y would be 

7 .5  PARTICLE LIMITLYC STRELLULLNE POINT 

Figure 7-6 presents the mesh construction required to solve fo r  the g a s  

and particle properties a t  any particle limiting streamline point in Figure 7-1. 

K i g h t -  Running 
Characteristic Line 

Left -Running 
Characterist ic 

Particle Limi t ing  
St reamline for 
Species J 

Gas St reamlines 
Line 

!- Normals 

Fig. 7-6 - Mesh Construction for a Particle ',irniting Streamline Point 

The calculational procedure followed to determine the flow properties at 
a particle limiting streamline point is somewhat difLerent from th- t  of. an inter- 

io r  point solution 

about by the fact that the J and  K normals a r e  constructed between a gas s t r eam-  

line 

lines. 

The differences in the  calculational p r x e d - J r e  a r e  brought 

and a particle limiting streamline rather than between t w ?  gas s t r eam-  

The physical loccLtion (x3, y3) of point 3K is found b y  intarsecting the 

normal from the point 7K with the projection of the particle limiting s t ream- 

line of species J from the point 5J. Once point 3K is located, the gas s t reaml ine  
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intersection with the J data line must be located (point 9 of Figure 7-6) using 

the gas streamline relationship 

. (4.41) 
"3 y3 - y9 

x3 - x9 u3 
- -  

The properties at this point are found by interpolation between the known points 
45 and 53. 

The particle density at point 3K for all  particle species except particle 
species J is determined in the same manner as for an interior point. The par- 

ticle density of species J is calculated using the relationship 

and is based on the fact that the entire mass of particle species J.is contained 
in the streamtube formed by the particle limiting streamline for species J. 

Once the particle densities have been found, the calculation procedure is 

continued as in the case of an interior point. 
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7.6 PARTIC LE LIMITING STR EAMLLIN E -B OUNDARY INTERSECTION 

Figure 7-7 pre=ents the mesh construction required t o  solve for the gas  

and particle properties a t  the particle limiting streamline-boundary intersection. 

n 
F r e e  Boundary 

Particle Limiting Streamline 

Gas Streamlines 

Fig. 7-7 - Mesh Construction for a Particle Limiting 
Streamline -Boundary Inter sect ion 

Assume that the particle limiting streamline point (n, K) has just  been 

completed and the next point to be calculated is that of a free boundary point 

(n+ 1, K). Under these circumstances,  the f r ee  boundary point is calculated 

in the normal manner, and then upon completion of the free boundary point a 
comparison is made of the physical location of the two points. I€ y n t  < y,, 

an  intersection of the particle limiting streamline and free boundary is indi- 

cated. The physical location of ( n t  2, K) is four. 7 intersecting the projec- 

tion of the streamline from the point ( m t  1, J) atu &hc particle limiting s t ream- 

line between the points (m, J) and (n, K). The gas and particle properties at the 

point ( n t  2, K) are then found by interpolation between the points (m, J) and (n, K). 

Once the propert;zs at the point ( n t  2, K) are found, the pu-nt (n+ 1, K) is 
assumed to no 10-.3&r exist. The point ( n t  2, K) is used as the base point the 
next time an upper boundary point is calculated. 

The description of the ent i re  flow field now proceeds onto the caiculation 

of the lower boundary point of the new K-line. 
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7.7 EXPANSION CORNER- PRANDTL-MEYER FAN 

Expansion corners  are found when the slope of the solid boundary has a 
discontinuity in such a way that the flow must negotiate a sharp turn away from 
the oncoming flow or when the flow issuing into an open space is under-expan- 
ded in a nosele or a flow channel. The expansion takes place either in  a chan- 
nel or  at the channel exit. The amount of turn the flow must make and the fi- 

nal flow velocity can be found with the aid of the Prandtl-Meyer expansion re- 
lation, m.( 6.1 ) a and the boundary conditions. 

After the total turning angle is found, it is subdivided into a number of 
small turning angles. The flow properties a t  the expansion corner correspon- 
ding to each of the small turns are calculated and the angle's corresponding 

characteristic iines emanating from the corner are constructed, The final 
line of the expansion is a streamline rather  than a characteristic line and, 
normally, the Mach angle corresponding to this streamline i b  substantially 
greater than the small turning angle. An extra point is inserted to f i l l  the 

gap after the expansion corner  computation has been completed. Note that 
this f inal  expansion line, a streamline, can be a solid boundary or a f ree  
boundary. 

In the example shown in Figure 7- 8 ,  the turning angle is subdivided into 

four small turns. 
corner are designated as A, €3, C an.: D in Figure 7- 8 .  The f inal  expansion 
line E is a streamline corresponding to the last corner point (d, J). The pro- 

perties at the corner corresponding to every small turn are stored in (a, J), 
(b, J), (c, J) and (d, J) arrays.  The properties at the corner before the ex- 

pansion takes place can be found as usual and are stored in (m, J) array; its 

characteristic line is designated as M in Figure 7- 8 .  

The correspondjng characteristic lines emanating from the 

A weak shock is initialized at point (rrl.4, K) for the upper corner  expan- 
sion point or  (n-4.K) for the lower corner expansion, which is done simply by 
defining a double point at those points with idectical flow properties. The initial 

shock angle is assumed equal to the Mach angle. 
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u ppe 

I I 

Na r mal s K 

Fig. 7- 8a-  M e s h  Construction for an Upper Expansion Corner 
Point 

Fig. 7 - 8 b - Mesh Construction for a Lower Expansion Corner 
Point 
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7.7.1 Upper Corner Expansion 

As ahown in Figure 7- 8 (a), the point (n- 1, K) is considered to be com- 

plete. A left-running characteristic is drawn from the point (n- 1, K) to intersect 
the right-running characteristic from point (m, J) at M, which is an  interior 
point. The properties can be calculated in  the usual manner. A normal is drawn 
from point (n-1, K) to intersect the right-running characteristic from point (m, J) 
at n The properties at this point are then interpolated between points (m, J) and 
M. Similarly, the properties at points (n+l, K) through (i1+4, K) can be calcu- 
lated. Point ( d 5 ,  K) is calculated by the same technique provided that the point 
E is treated as an upper boundary point. If the distance between points (nt4, K) 
and (1x4-5, K) is greater than other meshes in the expansion fan, one extra point 
(nt6, K) is inserted and its properties are found by interpolation between points 

(nt4, K) and (nt5, K). 

7.7.2 Lower Corner Expansion 

This case is shown in Figure 7- 8 (b). When an expansion at the lower 
boundary is detected, the normal line starting from the corner point (m, J) is 

completed first. The flow properties at the corner and the corresponding 

characteristic line for each small turn can  be found by the same method de- 
scribed in the preceding paragraph. Point (n, K) is the intersection of the 

right-running characteristic from p0ir.t (nit 1, J) and the left-running charac- 

teristic from point (m, J); its properties can be calculated without problem. 
The flow properties at point A can also be calculated. A normal from point 

(n, K) and the left-running characteristic from point (a, J) intersects at (n-1, K); 
flow properties at this point are then interpolated between points (a, J) and A. 

Points (n-2, K) through (n-4, K) can be calculated by the same method. Point 
(n-5, K) is a lower boundary point which can be calculated with the technique 
used to find the point (nt5, K) in Figure 7- 8(a). An extra point may a lso  be 
inserted between points (n-4, K) and (n-5, K) if needed. 
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8. NUMERICAL INTZCRATION OF THE CONSERVATION EQUATIONS 

Examination of the  mass flow rate, momentum flux and energy flux 
through a nozzle and exhaust plume will yield considerable information about 

the nozzle performance and the status of the flowfield numerical  solution. 

The mclmentum flu is used to  determine the thrust  produced by the nozzle 
while the thrust  ratioed to the  mass flow rate is a measure of the nozzle 

performance. Deviztions of the  fluxes in the conservative parameters from 

surface to  surface (Fig. 8-1) are indicators of the validity of a numerical 

solution such as the  one used in the gas-particle code. 

Nozzle W a l l  

Data  Points 

Data Points 

I 
nth Data 

I 
Initial Data 
Su r fac e Surface 

Fig. 8-1 - Schematic of Conservation Paranieters  in a Nozzle Plume 
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8.1 CONTINUITY 

The mass flow rate through a sur face  is calculated by numerical ly  inte- 

grating the  incremental  mass flow through adjacem streamtubes.  A s t reamtube  
is defined as t h e  flow area bounded by adjacent data points (Fig. 8-2a) and the  
incremental  flow rate is calculated as follows. 

r 

n 

X d r  I 
i 
I 
L,. 

dx 

Fig.  8-2a - Schematic of Surfac 2 

Geometry 

Fig. 8-2b - Schematic of Velocity 
Unit V e c to r 

r 
# 

s in  CP 

- x  

Fig. 8-2c - Schematic of Suriace 
Normal Unit Vector 

Fig.  8-2 - Schematic of Elemental  Geometry on a Data Surface 

Let points a and b be any two points on a data sur face  within the  flow f i d d .  

The increment21 flow area for  ax isymmetr ic  or  two-dimensional flow is given 

by 
6 

dA = (2rr)  d L  . (8.1) 
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In terms of the coordinate directions, the incremental area is 

112 
dA = (2rr)* l(dr)2 t (dx)’I 

The flow area  in the  direction normal to  the surface, dL, is now 

n 
where the unit normal vec to r , e  is defined by the geometry of Fig.8-2c as n’ 

A h h e, = coscpi t sincg j ; (8 04) 

and the angular location of the unit normal vector relative t o  the x-axis is 

- 1  dx 
c p =  - t a n  (z) (8.5) 

The ql;antity of mass flowing through the incremental area is found from 
the relation 

A 
where the  unit velocity vector, e is defined by the  geometry of Fig. 8-2b. 
The relation for m is now 

9 

Performing the  indicated dot product the relation reduces t o  

m = p 1ildA (cos0 c o s g t  sine sincp} , 

The trigometric identity for sine-cosine function i s  

cos9 COSY,  t sin0 sincp = cos(B-<P) . 
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Substituting, the incremental mass flow is 

The total mass flow through the surface i s  simply 

m = x d m  

for all the incremental flow areas. 

So far the di!xussion has  been directed toward a general  expression 

for t h e  mass flow rate. 

same. 
pression for the respective phases are as follows: 

For gas-particle flows t h e  surface geometry is the 

The only change is in the definition of the flow variables. The ex- 

G a s  Phase 

Part ic le  ( f h  particle) 

Mixture 
NP 

mm= mtxmj 

(8.9b) 

(8 .SC) 

j = 1  

8.2 MOMENTUM 

As with the mass flow relations, a general  expression for the momentum 

flux will be developed. 

treatment of gas-par t ic le  flows. 

This expression will then be extended t o  include the 
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The general  expression for t h e  momentum f lux  is 

= 
where 6 is the Kronecker de l ta  and dTis given by Eq. (8.3). Substituting for  
dA and performing t h e  indicated algebraic operations, Eq. (7. IO) becomes 
A 

I (8.1 1) 
GM = ( P : t p q q . n ) d A  -. 

where dA is now defined by Eq. (8.2). Equation (8.11) yields an expression 
for each coordinate direction in the equation in t e r m s  of the scalar compo- 
nents given by the expressions 

Gw = IP(cos@ 4 t sincpj) 3 t p(uf t v!) (ut  t v$ (cosq? + 

A 2 4 A A A GM = I~(cosq?f + sinqj) t p(u cos* t uv cosqj t uvsimpi t v2 sinqj)] < 1 ~ .  

, The scalar  equations in the coordinate directions are then 

2 1 = I P  cosp t p (u cosp t uv sinMI d~ , 
MM X I 

and 

2 1 MM = P s in(0 t  p(uv cosp t v sinq) dA; n I I 

Substituting for the velocity components 

. .  
P coscp t pq 2 (cos0 cos0 cosq t cos0 sin0 sinUJ) I dA 

MM X = I  I 
and 

2 1 = ‘P sin50 t pq (cos0 sin0 cosg t sine sin0 sinp) dA . MM, . I I 
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Factoring common terms and substituting the t r igometr ic  ider-:ity as before 
the final result  for the incremc;?tal momentwn~flux is 

= 1P cosp .C ,?q 2 cos(0 -(p) cos01 dA , 
x 

and 

(8.12a) 

( 8.1 2b) 

The only difference between ti13 txpression for  the g a s  and particle 
contributions t o  t h e  momentum f l u x  is thct t h e  par t ic les  do not contribute t o  

the p re s su re  of the mixture.  

flux through the surface are: 
The'respective expressions for the momentum 

Mixture 
N P  
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8.3 ENERGY 

The general relation is 

(8.15:1 1 2 .  E = (h t z q  ) m  

Applied to gas and particulate phases the respective relations for a piven 
surface are: 

Particles ( f h  Particle) 

Mixture -- N P  
= E t C E j  

j- 1 
Em 

(8.lGa) 

. 8.4 NOZZLE PERFORMANCE 

Performance parameters considered a re  the thrust produced and the 
The force vector is  calculated tr the 

SP' 
associated specific impulse, I 
mixture momentum on the initial data surface (Fig. 8- 1) plus the pyessure 

(8.16b) 

(8.16~) 

force on the nozzle wall. Mathematically this is  expressed as 

The integral term in Eq. (8.17) is obtained : 
pressure force along the nozzle wall. Consider the elemental surface, rlL, 

bounded by the noz7.1~ wall points a and b on any two successive data 

numerically integrating the 

(8.17) 
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Point, b 

Nozzle 

Data Point, 
Note: F, is the Nozzle 

Thrus t  
F,=O for  axisym- 
metric Flow 

Fig. 8-3 - Schematic of P r e s s u r e  Force  Acting on the Nozzle 

surfaces. The slop &e surface, dL, is given by 

-1 d r  VL = tan \dX' . 

Wall  

(8.18) 

However, the forc5 due t o  the  p re s su re  loading a c t s  normal  to  the sur 
wb:ch is given by the  angular relation 90 4- cp. 
whick the p re s su re  is acting is 

e 

The local surface area over 

and the unit normal  t o  the  eurface is 

(8.19) 

(8.20) 
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-L -. 
dA = d A n  

(P.2?) 

Equation (8.21) can be generalized to  reflect the loading increment to either 
an 'wper or lower wall in the following manner. Define a parameter 
has a value of - + 1 for an upper or lower wall, respectively. The orientation 
of the surface unit normal with respect to the x-axis is 

which 

Q1 = V L + h 9 0  

From the  sine and cosine trigometric identitieg Eq. (8.22) reduces to 

(8  -22) 

sinq = cosp 

so that the unit normal vector is now given by 

A r? 
E = coscg i t sintp1j ; 1 
A 

and the surface area term is now 

The resultant force relation for the nozzle is then 

and the nozzle thrust is just Fx. The specific impulse, I is then 
SP' 
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fsp = F J y  . (8.24) 

8.5 FERCENT CHANGES IN THE CONSEPV- 8 rim QUANTITIES 

One check on the validity of the numerical solution is to monitor the 
change in the conservation quantities mass flow, momentum and energy. If 
these quaatitie 40 nc: change relative to the initial surface d u e s ,  then the 
mass, momentum and energy have been conserved; this is a good indication 
that the numeri -a1 solution is jzoceeding satisfactorily. However, since a 
numerical solutic2 is employed same changes in the conservation quantities 
is to be expected. The objective then is to keep the error as small as possib1.e. 
When large errors occur, the input data, wall equations, mesh construction, 

etc., should be checked. 

The changes in the conservation quantities a re  found by ccnnparinq he 
integrated value at a given data surface relative to the initial data surface. 
These a re  as follows: 

Mass Flow Rate (Mixture): 

(+ m+ 0 100 
%fhh = . 

I m 

Momentum (Mixturel 

(8.25) 

(8.27) 

The individual changes for the respective phases a re  computed in a similar 
fashion as specified by Eqs. (8.25) through (8.27). 

remember is that when gas particle flcws are  being considered the 
One important item to 
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solution i s  couple ? in the  sense  that momentum and energy is exchanged 
between the phases. 

and energy quantities for each phase can occur. 

for gas-par t ic le  flows is the change in Lhe mixture  conservation quantities 

(momentum and energy). The respective mass flows should be conserved 
since the assumption has  been made  that the phases do not exchange mass 

via chemical reactions, condensation, etc. 

This means that relatively large changes i n  the momentum 

What should be of concern 

Finally, the specific impulse f o r  a nozzle can be calculated in one of 
several  ways. 
as the  s u m  of the  initial surface momentum and the p re s su re  force acting on 

the nozzle wall. 
by the mass flow ra t e  through the initial surface. 
mass f low r a t e  is a ma t t e r  of choice and can be argued from either a p ro  o r  

con view. However, u s e  of the initial sur face  mass flow rate eliminates the  
use  of one variable which would be numerically calculated. Computation of 
the specific impulse by the  second procedure is as follows. 

One way has  a l ready been outlined where the thrus t  is compdted 

The s;.ecific impulse is then calculated by dividing the thrust  
Using the  initial surface 

The thrust  generated by the nozzle is first 

, momentum in the r rzzle axial  direction (MM 
obtained by calculating the 

Eq. (8.14a)). The specific 

impulse is then calculated 

gives a means t o  compare 

change i n 1  is 
SP 

-.- m 
X 

by dividing by the mixture  mass flow rate .  

the I calculation previously discussed. The 

This  

SP 

where the t e r m  I is obtained f rom Eq. (8.24). 
SP 

(8  2 8 )  
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9. CONCLUSIONS AND -IONS 

A computer code has been developed which can be used t o  m o d e l  the 
d d n a n t  phenomena which affect the prediction of l iquid and so l id  rocket 
nozzle and orb i ta l  (as w e l l  as low altitude) plume flow fields.  
s i u e  computer run it is possible fo r  the designer t o  predict a high 
a l t i tude  plume s ta r t ing  from the combustion chamber. 
to be a user-oriented design tool  that w i l l  al low rocket noszle/plume 
calculations that can range from the simplest preliminary design 
calculations t o  final design predictions. 

With a 

This code is intended 

The emphasl.s i n  developing this tool  was t o  require very l i t t l e  user 
interface and data manipulation which has previously been required t o  
adequately treat such influences as nozzle boundary layer ,  two-phase and 
variable O/F traneoaic startlines, boundary l a y e r  effects  on particulates 
entering the boundary layer ,  and the t ransi t ion from continuum to f ree  

molecular flow. Development of the program t o  this stage also allows the 
RBEaP code to  generate an exit  plane startline for  both single and two phase 
motors which will interface with the JANNAF Standardized Plume Flowfield 
(SPP) Code. 

The program is being used t o  generate nozzle and plume data fo r  

numerous applications such as: 

Gas/Gae-Particle Impingement (Hea t-Trauef er-Loads ) 
Rocket Nozzle Performance (Thrust, lsp) 
IR Signatures (Radiating Species) 
RP Attenuation (Electron Densities) 
Plume Radiation (Radiative H e a t  Transfer Gas/Particles) 
Vehicle Base Pressure 
Base Heating (Caavec t ion -~c i r cu t ion )  , and 
Flowfield Properties for  Contamination Predictions. 



This three-volume report describes the program and is intended t o  

provide the user the necessary information t o  use the code. 
anticipated that there may be some areas of the operation of the code that 
are not discussed i n  suff ic ient  depth. Through feedback from the user the 

documentation w i l l  be p e r i o d i d l y  updated t o  r e f l ec t  the experience of the 

various users. 

periodically provided t o  users. 

It is 

Additionally, coding errors  which are uncovered w i l l  also be 

The code has beek checked out and compared with a wide range of data. 

Validation of the program i n  the low density area of the plume ha8 been 
verified with limited amount8 of data. 
are still required t o  further ver i fy  the applicabili ty and range of use of 

the RAMP2F code. Be these data become available the code will be further 

verified or modtfled t o  improve its applicability. 

High a l t i tude  (vacuum) plume data 
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Appendix A 
SYMBOLS AND NOTATION 

Symbol 

cD 
f 

Kn 

M 

Nu 

Pr 

r 

R 

Re 

T 

Greek - 
Y 

I-1 
P 

Subscripts 

C 
F M  
I 

Description 

drag  coefficient, dimensionless 

incompressible drag coefficient defined by Eq. (A-2) 

Knudsen number, dimensionless 

Mach number, dimensionless 

Nusselt number, dimensionless 

Prandtl number , dimensionless 

velocity, ft/sec 

particle radius, f t  

gas  constant, ft2/sec 2 0  / R 

Reynolds number, dimensionless 

temperature,  OR 

specific heat ratio, dimensionless 
viscosity, lbf- sec/ft2 

d ens i t  y , slug /f t 

indicates the quantit, pertains to t. = continuum flow regime 
indicates the quantity pertains to the f ree  molecular flow regime 
indicates the quantity pertains to i n ~ o r ~ i p r e s s i b l e  flow 

Super BC r ipt 

j indicates the quantity pertains to a particle species 

A - i i i  
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APPENDIX A 

Particle drag and heat t ransfer  quantities are calculated in t e r m s  
of non-dimensional coefficients. These coefficients are functions of 

the local Reynolds number o r  the Knudsen number depending on the 
parameter  being calculated. 
calculations employed in the gas-particle flow analyses. Details of 
the theory are given in the cited references.  

The following discussion summarizes  the 

A. l  PART IC L E DRAG COEFFICIENTS 

Part ic les  in solid rocket motor  nozzle and exhaust plume flow- 

fields encounter a wide range of flow regimes. Consequently any 
expression chosen for the drag  coefficient must have the ability to 
take this into account. 
the particles are continually being accelerated by the turbulent flow which 
has  a temperature differ.:tt Chan che particles. This situation is further 
complicated by rarefacLicI: ejferts because the mean free path in the 
gas  is comparable to diclerraioirs of the particle boundary layer .  
Obviously the "st2.ndard dra.g curve" of a sphere as a function of 

Reynolds number (Ref. A-1) does not f i t  this description. 
coefficient can onlf b; applied to 

In a rocket nozzle and exhaust plume flow field 

This  drag 

0 Single solid sphere 

0 Constant velocity 

0 Still, isothermal,  incompressible flow of infinite extent 

LI early two-phase studies the sphere drag  coefficient was taken 

as the Stokes drag coefficient; 

A- 1 
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24 
CD =Re 

This expression, however, is valid only for R e  L 1 if rarefaction 

effects are not taken into account. 

The Stokes drag coefficient is now used s a reference drag co- 

efficient. An incompressible drag parameter  defined by the relation 

was tabulated as a function of Reynolds number by Kliegel {Ref. A-2). 

This wad corrected for rarefaction effects (Ref.  A-3) by the relation 

(It 7.5 Kn) ( l t 2  Kn) t 1.91 Kv2 
( l t 7 . 5 K n )  ( 1 t 3 K n ) t  (2.29-t 5.16 Kn)Kn2 

CD = c 

The Knudsen number, Kn, (a measure of f l c ~  rarefaction) is related to 

the Mach and Reynolds num-bers by 

A more  recent formulation for the drag coefficient is taken f rom the 

work of Crowe (Ref. A-4). The drag coefficient is defined as 

A - 2  
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where 

A.2 PARTICLE HEAT TRANSFER COEFFICIENTS 

At present there appear. to be PO specific experimental heat trans- 
ier  data for spheres of the particle sizes in the flow regimes encountered 
in a rocket nozzle-exhaust plume flow field. A review of semi-empirical 
expressions is given by Millei- and Tarrington (Ref.A-5). Until further 
work is done that is directly applicable to particle flows the continuum 
expression of Drake (Ref. A-6) 

= 2 t 0.459 (ReJ) * 0.55 pr0.333 . 
NUjcont # 

where 

ReJ = 2pIAqI rJ/ p 

modified for rarefaction effects by Kawanau (Ref. A-6) 

NUcont 
1.0 t 3.42 M/R& Pr Nucont 

Nu = 

appears to be the most applicable to two-phase flows. 

A-3  
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Symbol 

h 

H 

P 

S 

T 

Greek 

9 

P 
A 

Sub sc ript s 

0 

f 

Supers c ri pt 

A 

Appendix I3 
SYMBOLS AND NOTATION 

Description 

local enthalpy, ft2/sec2 

total enthalpy, ftz/sec2 

pressure,  lbf/ft 

velocity, ft/sec 

entropy, f t  /sec2/OR 

temoerature, OR 

2 

2 

weight flow ratio of oxidizer to fuel, dimensionless 

density, slug/ft 
denotes a change in a variable over  a s tep  length 

3 

indicates the quantity pertains t o  the oxidizer 

indicates the quantity pertains to the fue l  

denotes a vector quantity 

denotes an average value over a step length 

B-ii i  
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Appendix B 

The bulk of this document is concerned with the discussion of the 
analysis of gas-particle flows which have been shown to be non- isentropic 

as well as non-isoenergetic in the g a s  phase. 

original objectives of the R A M P  code development was to provide for a 
single phase (gas) calculation as an option. Compulationally this 

entails  simply considering the coefficients reflectJng particle contri- 
butions to the compatibility equation as numerically equal to zero. As 

expected, there  is no change in entropy and gas  total enthalpy along 
gas st reamlines ,  that is, t h e  flow is seen to be isentropic and iso- 
energetic. However, fo r  many liquid propellant motor applications a 
fuel r ich mixture of the chamber combustion products is used to 

f i lm cool the nozzle walls. This  resul ts  in fuel striations a c r o s s  the 
nozzle where each streamline has  a different energy level associated 

with it (Le. non-isoenergetic flow). 

However, one of the 

This  case can be treated with a non-equilibrium chemical analysis  
by simply specifying the appropriate in i t ia l  gas  total conditions on each 
streamline.  

compatibility equation is then used. Gas chemical concentrations are 
required for  each streamline so that the gas  thermodynamics are 
computed locally as the solution proceeds downstream in the nozzle- 
exhaust plume flowfield. However, if the flow is to be considered in 

chemical equilibrium o r  cquilibrium/frozen, the  applicable compatibility 
relations must  reflect the non-isoenergetic nature of the s t r ia ted flow 

condition. These relations a r c  developed in the following paragraphs. 

Recall that the pressure-density-velocity form of the 

To begin, the dcvelopmcnt of the species continuity equation 

(starting with equation 2.6) could be replaced by atomic conservation 

n- 1 

LOCKHCLD - HUNTSVILLE RESEARCH 6 CNGINI.CI(INC CENTER 



UlSC-HREC TR D867400-I 

equations. Moreover if the conservation of those atoms associated 

with the fuel and the oxidizer ewere considered then, for steady state, 

V 

and 

V b 0 

would result. 

If the weight flow ratio of oxidizer to fuel (O/F ratio) is denoted by q 
then Eq. (Bel)  and B.2) are satisfied if ,  

and 

The assumptions inherent in arriving a t  Eq. (2-50)  did not involve 

isoenergetic flow so that  the momentum equation remains valid. 
energy Eq. (2.105). however. remains valid only along each streamline 

and must be replaced by 

The .  

The compatibility equations which apply along each Mach line are unaltered 

by the non-isoenergetic analysis since i t  is constructed based on the 

momentum equation and the global continuity equation (neither of which 

a re  altered by the non-isoenergetic flow phenomena). 

I3 -2  
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The numerical solution to the governing equations is not grcatly 
affected by the modification to the compatibility equation. In Eq. (3*146) 

while for a lower pressure  boundary 

The finite difference analog to the streamline equation may be  
written: 

a. inter ior  point 

b. an upper wall or  upper free boundary point 

?3=q1 

c. a lower wall or lower pressure  boundary point 

The oblique shock relations of Section 4 are  unaffected since the 
discussion concerns a single  streamline. 
are understood to be a function of the O/F ratio. 
not change ac ross  thc shock the only alteration necessary is that of 
En. (4.11) which i s  altered to read 

1u1 rcfcrenccs to flow variables 
Since tha t  ratio does 

I3-3 
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Since the Prandtl-Meyer calculation of Section 5 is also concerned 
with a single streamline, hence a constant value of q, it to is unaffected. 

It can readily be seen from the above discussion that the alterations 
necessary to incorporate the non-isoenergetic analysis are straight- 
forward from an analytic point of view. 
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Symbols 
A 

B1  
C 
P 
H 

W 
M 

N 

. .. 
N 
P 
P 

R 

S 

T 

V . 
W 

X 

Greek 

P 

Appendix C 

SYMBOLS AND NOTATION 

Description 
parameter defined by Eq. 12-46), l/sec 

parameter aefined by Eq. (2-103) 

specific heat at constant pressure, f t  /sec / R 
total enthalpy, ft /sec 

molecular weight, lbm/lb mole 

2 2 0  

2 2 

number of moles 

number of discrete particles 

pressure, Ib€/€t 

velocity, ft/sec 

gas constant, ft /sec / R 
entropy, ft /sec / R 
temperature, OR 

velocity components, ft/sec 

velocity, ft/sec 

flow rate, lbm/sec 

2 

2 2 0  

2 2 0  

position coordinate, ft 

3 density, slugs/ft 

inclination of the flow vector with respect to the x-axis, de& 

c-ii i  
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SYMBOLS AND NOTATION (Cont'd) 

Sub sc ript s 

C denotes chamber conditions 

g bG indicates the quantity pertains to the gaseous species 

m indicates the quantity pertains to the gas-particle 
mixture 

P indicates the quantity pertains to the particle species 

Supers c ri  pt 

j indicates the quantity pertains to the particle species 

c-iv 

LOCKHEED MUNTSVILLE RESEARCH 6 ENGINEERING CENTER 



LMSC-HREC TR D867400-I 

Appendix C 

Oae 01 the basic assumptions made in the development of equations 
describing the gas-particle flow is that there is no mass transfer between 
the phases. Consequently, calculations treating chemical reactions in gas- 

particle flows must reflect this assumption. Prozan (Ref.C-1) has shown 
for chemical equilibrium that the gas thermochemistry calculations can be 
uncoupled from gas-dynamic considerations. Gas thermodynamic properties 
(Ref. C-2) for chemical equilibrium or frozen flow are precalculated for nozzle 
chamber canditions. Tabulated thermodynamic data a re  then constructed in 
terms of the independent variables by expanding the flow from the chamber 
condition s . 

The rmoc hemi s try calculations are, however , c omplic a tcd by condensed 
species produced in the combustion process. Since the particles are inert, 

they perform no expansion work. Particle acceleration is accomplished by 
viscous drag forces exerted by the gas. This, coupled with the gas cooling 
resulfing from expansion, produces dynamic and thermal lags. The work 
required to accelerate the particles combine3 with the heat exchanged between 
the particle and gas phases is a non-isentropic process as shown by the follow- 
ing relationst 

c-  1 

LdCKHEEb HUNTSVILLE RESEARCH 6 ENGIN€ERING CENTER 



LMSC-HREC TR D867400-I 

The term B/ is a function of the velocity and thermal lags and in essence 
reflects the loss  in work potential. 
algebraic sign on B j  is positive then the change in the entropy level along 

a streamline M i l l  be positive. 
c rease  resulting from the work required to accelerate the particle is 
greater  than the heat transferred f rom the particles to the gas. Conse- 
quently there will be  a corresponding decrease in gas total enthalpy. 
It should be noted that just  the reverse  is t rue i f  the increase in work 
potential due to heat t ransfer  is greater  than the work required to 
accelerate the particles. 

Equation (Col) indicates that i f  the 

1 
This is the case  when the entropy in- 

The original chemical equilibrium forrnul3 tion (Ref. C-2) assumed 
that the gas  and particles comprising the flow mixture were in dynamic 
and thermal equilibrium. Condensed species r e s i t i n g  from the com- 
bustion procesa were treated in the same fashion as the gas chemical 
species in that chemical reactions were permitted. The expansion pro- 

ces s  was then iscntropic since gas-particle equilibrium was assumed. 
However, the cor rec t  thermoc!iernical properties can be obtained if 

certain rr 
tion of t F s  rnadifications is contained in the following paragraphs. 

ations to the analysis are made, A step-by-step drscr ip-  

First the adiabatic flame calculation is made for the gas-part!.. e 
mixture (Step 1, Fig. C-1). The mixture concentrations comprise the 
gas chemical species as well as the particulate species. Examination 
of the concentrations permits identification of the particulates. Since 
the assumption has been made that the gar; and particulate phases 

do not exchange mass ,  the chemical reactions between the phases a r e  
suppressed by removing these from the l is t  of possible reactions. 
Particle energy and mass a r e  removed from the mixture (Step 2). 

particle loading is then calculated from the relation 

The 

c -2  
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Input Pc and 
Propellant 
Composition 

4 Step 1 
1 

I 
r--- ----------- 
L ( I  gm 

Adiabatic Flame Mixture Calculation 
I Gas-Particle ------ 

Gas Energy Mixture Particle 
Properties Energy 

/- 

Step 2 

X 
P 

. c. IL Gas 
Mass Step 3 

-1  
A 

-------- - r Adjust Gas Mixture 
L to Obtain 1 gm system -------- 

Remove IT 
Par tic1 e 
Mass 

Particle 
Energy 

Mod if ied Step 4 =PVS If, 
1 Tabular 

Step 5 
Isentropic Expansion 
Gas -base 

Step 6 

Thermochemistry and 
Transport Properties (Tabular) 

R A M P 3  

Fig. 2 - 1 - Schematic of Two-Phase Thetinochemical Calculations 
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Equation (C*3) gives th,: total particle mas8 loading relative to the gas. 
Individual particle loadings are obtained from empirical data for a given 
motor class and size. These data along with thea'prticle enthalpy - 
temperature data (Ref. C-3) which defines the energy removed from the 
mixture become input data to the RAMP code. Next, the remaining gas 
energy and molar concentrations are then readjusted to obtain a one gram 
system (Step 3). The adiabatic flame calculation is made for the gas 
phase at the chamber pressure and temperature computed for the gas- 
particle mixture (Step 1). 

Equations (C.1) and (C-2) indicated the gas phase expansion process 
to be non-isentropic. Hence the thermochemistry calculation must re- 
flect this condition. This is accomphhed  in the following manner. 

Equation (C-2) defines the change in gas total enthalpy as a function 
of entropy change and particle velocity lags. A schedule of gas total 

enthalpy changes can now be defined by the relation 

HG, = Hc t AHi ; i = 1,n 
1 

The values of &Ii are defined to cover the expected change in  gas total 
enthalpy for a giver analysis. 

Figure C-2 shows a typical schematic of a n  H-S diagram for gas- 
particle flows. Each point H Pc defines a particular point on the 
diagram from which the flow can be isen: ,+ally expanding f o r  the 
corresponding value of S1. However, the flow is non-isentropic so that 

P c  an  expansion from one o r  more states dcfikcd by a 
for each HGi* 
change in entropy must be made. This is depicted schematically in 

Fig. C-2. Computationally this is accomplished by inputing to the 
c d e  a schedule of AHi and a Corresponding change in entropy for each 
AHi. The chamber calculation is made for the gas phase (Step 3, 

Gi' 

I 
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H 

P , COMPOSITION 
C 

HG =2 n 
H 

HG1 

INPUT 

I I  L H G  = H C + A H i  - 
i 

r----- 1 
I CEC I 

C W E R  CONDITIONS 
HCBPC 

TYPICAL STREAMLINE 
PATH THROUGH THERMO- 
CHEMISTRY TABLE 

S 

Fig. C-2 - Schematic of Thermochemistry Table Construction 
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Fig. C - 1) and an isentropic expaLsion fromthe reference conditions 
calculated for the number of entropy levels desired. There data are gene- 
rated in tabular form as a function of AHi, &. and & 
as indicated by the following schematic. This process is subsequently 

respectively 
J 

AH. 
1 

I 
vl I I 
I I 
I 
I 

'k 
vk 

Fig. C-3 - Schematic of Tabulated Thermochemistry Data 

repeated for each 4. Since for a chemical equilibrium analysis the 
independent variables chosen are  AK, AS and V the local thermodynamic 
and transport properties at a given point in the flow are  obtained t y  

interpolating within the tables. 
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Kn 
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R e  

Ro 

S 

T 

V 

V 
- 
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h 

Appendix D 
SYMBOLS AND NOTATION 

De sc ription 

Knudsen number, dimensionless 

Mach number, dimensionless 

number of collisions per molecule required for the gas 
to achieve relaxation 

gas  constant, ft /sec / R 2 2 0  

Reynolds number, dimensionless 

characteristic dimension of the flow field, ft 

distance along a streamline, ft 

temperature, OR 

gas  velocity, ft/sec 

mean molecular velocity, ft/sec 

specific heat ratio, dimensionless 

viscosity, lbf -sec/ft 2 

density, slug/ft 3 

mean free path, ft 

PRECEDIKG PAGE BLANK NOT FR.I!TD 
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Appendix D 

D.l DETERMINATION OF THE LOCAL KNUDSEN NUMBER, Kn 

The expansion of exhaust gases to very low back pressures results 
in a decrease in the gas  pressure and density. This inturn produces a 
decrease in the number of intermolecular collisions. At some point, 
the effect of intermolecular collisions will cease to be a governing factor 
in determining the flowfield characteristics. The local Knudsen number 

(Kn) is used to indicate the local flow regime, i.e., continuum, vibrationally 
frozen, rotationally frozen or  translationally frozen. The local Knudsen 
number is defined as the ratio of the mean free path (which is a measure 

of the average distance between intermolecular collisions) to a characte- 
ristic dimension of the flowfield. Kn is given by this relation (Ref. D-1): 

V 
V 

The method 
In the relation for Kn, the mean free path is represented by - X  

the characteristic dimension is represented by T/- . 
employed here is to utilize the "sudden freeze" approximation (Ref. 0-1) 
to determine when an energy mode freezes such that the gas temperature 
cannot relax fast enough to m;.intain the equilibrium rate of change. The 
RAMP program computes a Local --b? at each mesh point and compares it 

th to l /Ni  (the inverse of the collision number) to determine if the i 

energy mode has frozen. 

and 
dT 
dS 

- 
Assuming that the mean molecular speed V is determined by the 

Maxwell distribution function 

D- 1 
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= ($ (Ref. 0-2)  

were R is the particular gas  constant. Introducing the local Mach 
number M, Kn can be written: 

For rarefied gsses the mean free path can be related to the viscosity p 

A =  (r (Ref. D-3) 
0.49 9pT ’ 

S 
Ro - where p is the local gas density. Let 3 = -, where Ro is the character- 

istic dimension of the flowfield. With the above relation 

h = f(p), and introducing the characteristic dimension RO, Kn can be written: 

Then dS = Ro dS. 

But the local Reynolds number Re is: 

The ref0 re, 

2 
K n =  0 . 2 5 0 5 0 ~  *f %!!! 

d s  

As a first approximation to the derivative am> , let 
d s  

D-2  
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d ( b  T) 
d s  

so that the local Knudsen number, Kn as coded is given by: 

Kn = 0.25050 I -- 
*2 [*I 

The characteristic mesh is shown below to illustrate the flowfield 
variables used to determine the local Knudsen number 

Characteristic Lines 

St r eaml 

Normal Line 

a dS - 
ine 

D.2 NON-CONTINUUM FLOW REGIME CRITERIA 

The criteria used by the RAMP program to determine the "freezing" 
of particular energy modes is to compare the local Knudsen number (Kn) 
with the reciprocal of the collision number. 
greater than the reciprocal of the collision number for the vibrational, 
rotational, o r  translational modes that pazticular mode is considered to 
be frozen, The freezing of the first two energy modes (vibrational and 
rotational) represents a transitional computational region from the con- 
tinuum to free molecular regimes. During this transitional period the 

When Kn is equal to o r  

D-3 
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gaseous flowfield calculation is performed using the characteristic 
equations with the thermodynamic properties modified to reflect the 
respective flow regime. That is, the gaseous ratio of specific heats 
is altered to reflect the transition to a non-continuum regime. Once 
the translational energy mode has frozen the flowfield becomes "free 
molecular." In this case the solution becomes a source flow solution 

with a constant gaseous ratio of specific heats. 

D.2.1 Non-Continuum Flowfield Gas Properties 

The energy modes of the gaseous flowfield freeze one at a time 
in order of increasing energy requirements. The vibrational mode 
freezes first,  the ratio of specific heats (gamma) is set to 7/5 and the 
flowfield solution proceeds in the conventional streamline normal fashion. 
See Ref. D-4 for the characteristics equations. The rotational mode 
freezes next in which case gamma is computed as a function of 
Kn (third order polynomial) and varies from 7/5 to 5/3. 

solution is not altered except for the determination of gamma. The 
last energy mode to freeze is the translational mode. Once the trans- 
lational mode has frozen, the flowfield is considered to be in the free 
molecular regime. 
effect of the freezing of the three gaseous internal energy modes on the 
gas ratio of specific heats is depicted pictorially in  Fig. D- 1. 

This flowfield 

Gamma is set to 5/3 and is held constant. The 

Once the flowfield calculation has swilched to the free molecular 
regime the gas streamlines remain straight and the gas velocity which 
is directed along streamlines remains constant. 
temperature, and flow angle also remain constant. The gas density 
varies inversely as the etreamtube area and the gas pressure is 
obtained from the equation of state. 

The gas constant, 

D -4 
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cn 

0 
- . -  +, 2 1.4 ibra. - Rotational 

I +IFyeeeing 1- Freea I 

U .001 .o 1 0.1 1 .o 10 .o 
Local Knudsen Number, Kn 

Fig. D-1 - Variation of Gamma with t b  Local Knudsen Number 

D.2.2 Non-Continuum Flowfield Particle Properties 

If particles a re  present in the free molecular flowfield their status 
Particle velocity, tempera- is computationally very similar to the gas. 

ture, and enthalpy remain constant. The particle flow angle remains 
constant, and the particles a re  directed along straight streamlines. 
particle and gas streamlines a re  not necessarily parallel. The particle 
density varies inversely as particle stream tube cross-sectional area. 

The 
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Appendix E 

In flow problems where the gas may be considered in equilibrium 
(chemical and thermodynamic) at every point, two parameters are safficient 
to define any of the other thermodynamic variables, either by assuming a per-  

fect gas o r  by utilizing the results of chemical equilibrium calculations of the 
gases involv 4. I f  the gases  cannot be considered t o  be in equilibrium, a 

at-by-poi it evaluation of i ts  compositio.. via inte >rating the individual 
species continuity equatio..s is required. This appendix addresses  the 
prccedure utilized in the RAMP program to perlorrn such calculations. 

A detailed description of the ra te  processes that occur in rocket ex- 
haust P-,wa requires that a myriad of niecharisFs 'ne con9iiered t o  k c l c d a  
all the posslSle chaxica! reactions of dissociaticn, formation, recombination, 

etc. 

All of these, however, can be treated with a very general formalism. 
In the form usually qeioter' in chemical kinciIcs (Ref. E-1) the phenomeno- 
logical law of mass  action states that the ra te  of a reaction i s  proportional 
to the product of the concmtrations of the reactants. Thus, for a general 
reaction of the 

the net rate of 
stoic hi omet r ic 

form 

i=l ir l  

production wi for a n y  participating species for which the 
coefficients ?J! and ptt are nnt P ~ M !  can tho2 he m r i t t e n  2s 

1 1 

E- 1 

(E. 11 
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where  C. is the species concentration defined as Ci = p Fi with p being the 

density and Fi being the species  mol/maas ratio,  respectively. Assuming 

small deviations from equilibrium, the  forward and backward reaction rate 
constants, kf and kb, respectively, can be related t o  the concentration equi- 

l ibr ium constant and to  the  pressure equilibrium constant as follows: 

I 

L (vi - VY)  
kf i=l - = Kc = K p ( R T )  
kb 

The significance of the  pressure equilibrium constant K 
easily evaluated for any reaction using tabulated values of Kf the equilibrium 
constant for formation f rom the  elements. Values of Kf are commonly tabu- 

lated in conjunction with specific heats, entropies and enthalpies as a function 

of temperature ,  and are available in general  for  most  species. An equally 
convenient method exis ts  fo r  determining K 

accompanying the reaction, i.e., 

is that it can be 
P 

from the  change of f ree  scergy  
? 

K = exp!-AG/ 'RT) i E .4) P 

where AG is the change in free energy during the reaction process .  Free 

energy values are also available for most  species in tabular form. 

method is used t o  compute K 
This 

in the RAMP program.  
P 

Using Eq. (E.3) to  eliminate the backward rate constant f rom Eq. (E.2) 
the  general  production rate equation can be written a s  

E-2 
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Finaitf, the net rate of production for any species participating in the 

reactian, either as a reaciwt or as a reaction product, i s  then given by 

Since most reaction systems involve numerous simultaneous reactions, 
the net rate of production of species i usually equals a sum of terms. Thus, 
for an aribitrary number of M simultaneous reactions, all involving species i, 

M ~~ 

w. = c tk. k = I. ..., M 
1 1, k 

k = l  

where 6. 
only. 

denotes t h e  net rate of production of species i due to reaction k 
1,k 

For reasons of computational speed and efficiency, the program con- 
t a h s  0,y.Plicit exprcssias, as obtained from Eq. (Z.S), ior the most commonly 
encowtered reaction mechanisms. 5 relve types of reaction mechanisms a r e  
considered as possible contributors to the calculation of the net rate of pro- 
duction, w.: 

1 

Reaction type 

To reduce roundoff and truncation errors, t h e  forward and backward 
rates for each reaction a re  computed separately. All contributions t o  the 

E-3 
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molar rate of production of a given species are theu computed and added 
algebraically to form matrix coefficients (discussed later). Since reaction 

types (7) through (14) proceed in the forward direction only, the second 
term on the right-hand side of Q. (E.5) is disregarded in calculating the 
contributians to the  coefficient matrix. 

h reactions (2), (5) and (6) as well as in (8) ,  (11) and (12), M denotes 
a third body species'which can be specified. 
often occurs where for various third bodies the respective rate constants 
differ only by a constant multiplier. These multipliers can be considered as 
third body efficiencies or weighting factors. If such a case is encountered, 
the third body species mole mass ratio FM becomes effectively a fictitious 
mole mass ratio, consisting of the  weighted sum over all those species having 
a nonzero weighting factor, i.e., 

For these reactions the situation 

FM = zfiF 
i Mi 

(E.9) 

where fi are the weighting factors. 

The forward rate constant, kf, is generally a function of temperature. 
It is most often expressed in Arrhenius form. Again, for speed and efficiency 
in computation, the rate constants a r e  divided int3 five types: 

Rate Constant Type 

(4) 

kf = A 

kf = AT -N 

kf = A exp(B/% T) 
-N kf = AT exp(B/?lT) 

ki = AT'N exp(B/ R TMI 

(E.10) 

The equations presented in this appendix provide a very general forma- 
liim fu r  the evaluation of various rate processes. 
ticular systems and associated rate constants is up to the program user. 

The specification of par- 
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Cm sidering now the general species continuity equation 

p;. vci (E. 1 1) 

and making use of the foregoing discussion of the rate process we now proceed 
to de ;CA ibe a calculational technique for determining the individual species 
c0mpositi-n cn a point-by-point basis. The description of this process is 

substantially simplified if Eq. (E.5) is specialized to a particular r e a c f i a  
type, s a y  lumber (7) from Eq. (E.8) which is a one-way, two-body reaction. 

A t B - L C $ - D  (E.12) 

the net production rate for this process is 

W = kf p2 FA FB 

iruri the species continuity equation for spacies B then beconies 

which along streamlines becomes 

(E. 13) 

(E. 14) 

(E.15) 

This equation can readily be solved using finite difference techniques 
employing explicit relationships, such as Euler or more sophisticated schemes, 
such a s  Runge-Kutta. The step size for integrating this equation however is 
severely limited by stability criteria. It can be seen from Eq. (E.15) that the 
rate of change of a species along the streamline becomes increasingly larger 
a s  the flow speed is slowed, t n z  density increased, or for fast reaction rates. 
In rocket engine problems, combinations of slow speeds, high densities and 
fast reaction rakes (i.e., quasi -equilibrium) a re  qnite cemmon and integration 
step sizes so small fi.e., < 10 

becomes impractical in terms of computation time. 

-8  meters) a re  encoiintercd tha t  the sr?.lutior. 
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For this reason, the technique described in Ref. E-2 based on a lineari- 
Writing Eq. (E.15) in finite differ- zation of the production rates was utilized. 

ence f o m  over a streamline step from station n to n t l .  

F 
Bntl  

(E.16) 

And evai. d ’ a g  all the species concentrations at the downstream point results 
in a set of simultaneous nonlinear algebraic equations. In order to solve 
these equations we must then linearize the term F F which is accom- Anti Bntl 
rlished following the lead of Ref. E-2. 
its values at station n along with the increments over n to  n t l  we can obtain 
the  following expression. 

If this term is expanded in terms of 

F F = F  F t F  F 
*n+l Bn+l An Bnt l  Antr 

neglecting products 01 differentials which are assumed to be of second order 
importance. Equation (E.16) can now be written in its linearized form. 
Let c = Qsp/q 

and 

= FB - C [FA. F 

= FA - 

+ F  F 
FB n t1  n Bn t l  Anti 

F Anti n F A n t l  FA I FB t F  
Bn t l  

Equation (E.18) can then be expressed in terms of a set of unknowns and 
calculable coefficients, C.  Rewriting these we obtain 

(E.18) 
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F ( l . ) C F B ) + ( C F  )F = FA 
An+l n *n Bn+l n 

F (CF ) t ( l  - C F  )F = FB 
*n+1 Bn An Bll+l n 

A matrix can now be formed using totally known information. 

(E. 19) 
Cont'd 

(E.20) 

The matrix [A] [XI = [B] is then solved for the unknown compositions F 
A n t l a  

F via a triangulation technique. Although consuming more time per 
Bn t l  

integration step than an explicit formulation, the implicit technique employed 
here is lmcnnditiozlally stzble permitting much larger step sitza. thus &h%-itig 

solutions to  be obtained for problems where the small s t e p  required by the 

explicit technique prevented even the  consideration of the case. Finally it 

should be recalled that an ex t r eme ly  simple case was chosen only for purposes 
of illustration and the general technique coded in RAMP handles many species 
(see input guide) with multiple reactions. 
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